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Abstract. In this article, a new Voronoi diagram algorithm with rectangular sites and holes
is proposed. The algorithm is based on the existing Voronoi diagram algorithm with the Loo
distance metric by Papadopoulou E. and Lee D.-T. The new modifications of the Voronoi
diagram model include the holes processing mechanisms. The algorithm handles the distortions
in the diagram structure from the holes by using layers in the VVoronoi front called shadows and
a new type of bisectors that do not build any Voronoi edge in the diagram, but maintain the
layers of the front. The algorithm defines new events for a sweep line, keeping the general
processing in the same manner as the base algorithm. According to the results of time
consumption comparison with the previous span determination algorithm, the proposed
algorithm executes from 1.33 times faster for 75 supports up to 15.17 times faster for the
largest number of supports tested, but is slower for fewer supports and more holes. The
preliminary correlation analysis showed a significant correlation of 0.76 between the area of
the Voronoi cell and the amount of reinforcement required, as well as strong and moderate
correlation between other parameters of the cell and deformation metrics. The conclusion
outlines the current limitations of the model and algorithm for future research.

Keywords: Voronoi diagram, deformation comparative analysis, rational support
placement, correlation model, building design optimization.

1. Introduction. The support placement problem in the building
design sphere is a complex combinatorial problem [1 — 2]. A wide variety of
support plans and the occurring deformations in the floor slab above them
are the main complexity factors. The most common approach for estimating
the deformations in slabs is to use a functional approximation based on
building physics dependencies. The best-known method is equivalent frame
method [3, 1, 4 — 5], but Euler beam model [2], Young's modulus [6] and
gradient-based optimization [7] can also be used for strength estimation.
But these approaches process only columns with regular placement. There
are some studies on using neural networks to estimate deformations [8],
optimize the structures [9], or model the whole building [10].

In contrast, the comparative analysis of slab deformations uses
heuristic additive functions that do not give the exact estimation of
reinforcement needed. Instead, it builds a computationally simple and
practically correct comparative process in order to range a large set of
different support plans. This is one of the heuristic weight distribution
methods, which partition the slab into small areas [11].
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This paper introduces a new algorithm of slab partitioning via
Voronoi diagrams. The previous algorithm of comparative deformation
analysis [12] partitions the slab into span areas between supports. Then a
multiobjective genetic algorithm applies estimation on spans to find Pareto-
optimal plans [13]. However, this approach depends on heuristically
selected algorithm parameters. In contrast, Voronoi diagrams are already
used in the building design problems: to model crack distribution in
concrete [14], design facades of a building [15], or rod structures [16].

The article defines different modifications to analyze deformation in
the slab via Voronoi diagrams. A Voronoi diagram model with the
rectangular sites represents support areas of the slab. New structures in the
Voronoi diagram called "shadows" handle the holes inside the partitioning
plane via layers in a height-balanced binary tree representing the sweep line
wavefront.

The paper has the following sections. Section 2 defines the VVoronoi
diagram with rectangular sites and holes. Section 3 describes the core
algorithm handling rectangular sites. Section 4 defines a new algorithm
handling holes. Section 5 analyzes the time consumption of the proposed
algorithm and potential usage in practice. Section 6 concludes the paper
with the results. Table 1 contains the notation most used in this paper.

Table 1. Most used variables and functions

Symbol Type Description
Slab Var. Rectangular slab given by dimensions and set of holes
Holey Var. Rectangular hole by indexk=1, ..., K
T Var. Rectangular site-support by indexi=1, ...,N
T, Hole", v Edge of T;, Holey or Slab {R® — south, R" — north, R" — west, R® — east}
Slab" ar
VC;, VE; Set Voronoi cells and edges of the support T;
L Var. The current abscissa of the sweep line
Q Set The priority queue of the sweep line events
bV Var. General notation of bisector — locus of points equidistant to owners
bv Var. Bisector by rectangular sites or slab's boundary (real, border, turn)
Bv Var. Bisector of virtual type created by rectangular holes (has subtypes)
owners Fnc. Defines the owners of the bisector 4v
ep Fnc. Defines current position of some bisector 4v at the moment £
Bv Fnc. Defines a new real bisector element by one or two edges
Bv Fnc. Defines a new virtual bisector element with corresponded type
T Var. General notation of sweep line status node (AVL tree) by bisector
T Var. Node of virtual bisector which maintains shadow (Shadow)
TP Var. Copy of shadow node inside the shadow (Duplicate)
T8 Var. Node of real bisector at hole's west edge, maintains shadow (Blind)
bisector Fnc. Defines a bisector of sweep line status node T
basis Fnc. Defines a root node of shadow from shadow node 7"
end Fnc. Defines a paired shadow node of different shadow node 7"
dupl Fnc. Defines a duplicate node in the shadow of shadow node 75"
main Fnc. Defines a shadow node out of the shadow of duplicate node 7°°
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2. Problem Formulation: Voronoi Diagram with Rectangular
Sites and Holes. Given a rectangular slab Slab = <L, W, Holes>, where
(L € N, W € N) are the length and width, Holes = {Holey, ..., Holek} is the
set of holes, |Holes| = K. A hole is a rectangle Holey = <(X¢, Vi), (I, Wi)>,
where (xx € Z, yx € Z) is the left lower vertex, (I € N, wy € N) are the
dimensions. Pointp = (x € Z,y € Z) e Slab if 0 < x <L, 0 <y < W,
VHole, € Holes: p ¢ Hole,.

Given a set of supports T = {Ty, ..., Ty}, [T| = N. A support is a
rectangle T; = <(x;, i), (I, w;)>, where (x; € Z, y; € Z) is the left lower vertex
and (l; € N, w; € N) are the dimensions. A union of rectangles is R' = Holes U
T U {Slab}, where R € R' = <(Xg, Yr), (lr, Wr)> is a rectangle. The edges of
any R are denoted R" € {R%, R", R", R}, where R® = ((Xr, Yr), (X + lr, V&) is
the south edge, R" = ((Xg, Yr + WR), (X + Iz, Yr + Wg)) is the north edge,
RY = (%, Yr), (X, Y& + Wr)) is the west edge, R® = (g + Iz, Yr), (X + Ik, Y& +
Wg)) is the east edge.

Integer constraints of position and dimension reflect the arrangement
requirement for building structures, yet the coordinate system remains
continuous. Current research sets the following geometric assumptions:

1. No intersection or overlapping between holes: YHole;, Hole,
Holes: Hole; m Hole, = &, Hole, # Hole,;

2. No intersection or overlapping between holes and supports:
VHole, € Holes, VT, e T: Hole; " T, = &;

3. Supports cannot overlap each other but can have an adjacent edge:
VTl, T2 eT: TlﬁTZZQOI’TlmTZZTUZ Tu:TU1 (S T]_:Tuz € Tz, T]_?I:Tz,

4. Slab restriction: VR e R: 0<Xg <Xg + IR <L, 0<yg <yr + W <W.

Let us denote the distance metric as d(p;, p») € R, p; and p, € Slab.
The distance between support and some point on the slab is calculated as:

d(p,T;) = min{d(p,p"),Vp'€ T;}. ))
The distance between edge R" and point p is defined as in (1):
d(p,R*) = min{d(p,p"),Vp' € R*}.

The distance between two edges R"* and R“ can be computed via
corner-to-edge sampling and is determined by:

d(R*1, R*?) = min{d(p,, p,),VYp, € R*,Vp, € R*?}.
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Definition 1. The requirements for distance metric with holes: if py, p,
e Slab and 3Holey € Holes: (p1, p2) N Holey # &, then d(py, py) is defined as:

d(p1, p2) = min(d(py, V1) + dWk1, Vk2) + d(02, Vi2)), 2

where v, and vy, are vertices of Hole, from set {(X«, Vi), (X + & Vi),
(% + Ly Vi + W), (X Yk + W)} which satisfy following conditions:

o (p1, Vin) N Hole, = vig, (P2, Vie) N Holey, = vie;

® Vg = Vio Or (Vi, Vi) = Hole" — edge of Holey.

It is required to find a Voronoi diagram of Slab by T, defined as
VD(T) ={VC;|i=1, ..., N}, where VC; is a Voronoi cell of the support T;:

VC; = {p € Slab:d(p,T;) < d(p,T)),VT; € T, i # j},
with distance metric requirement by equation (2). Voronoi edges of site i is:
VE; = {ve = (py,p,)|3T; € T:d(p,T;)) = d(p,T)),i # j, Vp € ve}.

The next sections discuss algorithmic approaches applicable to this
problem formulation and present a new algorithm based on it.

3. The Core Algorithm: Voronoi Diagram with Rectangular
Sites. The most well-known algorithm for the VVoronoi diagram is Fortune's
algorithm [3]. Site points determine events of changes in the diagram
structure. But the rational support placement problem requires rectangular
sites and the mechanisms for processing holes. The current section explores
existing algorithms for Voronoi diagrams with rectangular sites.

3.1. Existing algorithms with rectangular sites. One application
area of VVoronoi diagrams with polygonal sites is the path-finding problem
[18 —19]. The goal is to find a shorter path between polygonal obstacles.
The polygonal obstacles define a set of point-sites on their edges with a
certain step. Then Voronoi cells of sites with the same edges are united into
one cell of the obstacle. On the one hand, the approach allows a high-
detailed Voronoi structure. But because it is only the preliminary step of the
optimization path finding algorithm and is executed only once, its main
disadvantage is the time consumption, which increases as the decomposition
step decreases and, consequently, as the diagram accuracy improves.

The previous research [13] has proposed a multiobjective genetic
algorithm (MOGA) to find a Pareto-optimal set of rational support plans.
The experiment of comparison with other MOGA set the iteration count to
375 and the number of plans to 350. Thus, it is critically important to have
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as little time per iteration to build a diagram for a support plan as possible,
even at the expense of diagram accuracy.

The different approach is implemented by E. Papadopoulou and D.T.
Lee (EP&DTL) [20]. The algorithm handles the rectangular sites without
additional division into points and uses the L., distance metric. The sweep
line algorithm processes events using each vertical edge of rectangles that
allows constructing the VVoronoi diagram with a larger number of rectangles
and simplifies the adaptation of the algorithm for new events and structures.
Thus, the present paper uses the EP&DTL algorithm as the core algorithm.

The EP&DTL algorithm finds the shortest critical areas on integrated
circuits, such that which the plane of the diagram is connected everywhere.
But the floor slabs can contain openings for different systems. Therefore, to
correctly reflect the construction process, it is necessary to include a
mechanism for processing rectangular holes in the VVoronoi diagram.

3.2. Distance and bisector definitions. The EP&DTL algorithm
uses the L, distance instead of Euclidean, which simplifies Voronoi
diagram calculation. Further, all the rules and conditions set in Section 2 use
the L., distance metric defined below:

d(pl' pZ) = max(|x1 - le, |y1 - yzl) ,Vpl =
(x1:}’1),p2 = (x2:)’2) € Slab.

One of the main structures used in the EP&DTL algorithm is a
bisector 6v. There are four general definitions that will be used further in

the text. First of all, the main definition of the bisector as the locus of points
at equal distance from two different edges:

bv = Bv(R*Y, R*?) = {p:d(p, R*') = d(p,R*?)}. 3)
Secondly, the bisectors that represent edges of the elements:
b4v = Bv(RY) = {p:d(p,R*) = 0}. 4

Given a position of the vertical sweep line L, the current position of
bisectors ep(#v) (from equations (3), (4)) is equidistant from the sweep line:

ep(6v) =p € bv:d(p,R*) = L — x,, VR" € owners(6v), (5)
where owners(4v) are the edges given in the creation function of the

bisector 6v.
The third type is a bisector that represents a single point:

Informatics and Automation. 2026. Vol. 25 No. 2. ISSN 2713-3192 (print) 521
ISSN 2713-3206 (online) www.ia.spcras.ru



MATEMATHUYECKOE MOJEJIMPOBAHUE U ITPUKJIATHA L MATEMATHKA

bv = Bv(R*, R*?) = {p:d(p, R**) = d(p, R*?) = 0}. (6)
The current position of such bisector (6) is always the same point:
ep(6v) =p € bv. @)

The last type is a bisector that depends on the edge of one element
R"! and lies on the edge of another element R*%:

v = Bu(R“, R¥?) = {p:d(p, R*?) = 0}. (8)

The current position of this bisector from equation (8) is equidistant
from the first owner and the sweep line position:

ep(6v) = p € bv:d(p,R*") = L — x,, R*' € owners(6v). 9)

The creation function of the bisector types described further is set as
one of the equations above or is defined additionally.

Conditions given in the bisector creation define the locus of points
depending on the owners. Condition given by the current position defines a
point depending on the owners and the sweep line position. The EP&DTL
algorithm uses definitions of bisectors from (3) and (4) and the current
position from (5), while others are used in the further modifications.

3.3. EP&DTL algorithm: the core algorithm definitions. Let us
call bisectors induced by supports as real bisectors with denotation bv. The
EP&DTL algorithm uses real bisectors equidistant from two support edges
T** and T;"®, which can be defined by equation (3) as bv = Bv(T;", T;?), and
a support horizontal edge T;" € {T;*, T\"}, which can be defined as a bisector
by equation (4) as bv = Bv(T;").

A sweep line status T is a node of height-balanced binary tree
consisting of a bisector:

T = (bisector, left,right), (10)

where bisector(T) is the bisector of T°; left(T), right(T) are the left and right
nodes of 7.

The wavefront maintained by the tree contains segments between two
consecutive nodes. If bv = bisector(7), then the current position of the node T
is denoted as ep(T) = ep(bv). The key of the node T in the tree equals the
ordinate of its current position key(T") = Yeppy)- Then next(J") and prev(7) are
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the next and previous nodes of node 7 in the tree determined by key(7). This
article implements a standard AVL tree for the sweep line status T

If owners are parallel in terms of coordinate, then the current
position should be a point with the smaller maximum difference by another
coordinate (Figure 1) that sets the unique current position. But there is an
issue in the algorithm with west edge alignment; we discuss it later.

Ly | in
notep; |

.-, T
|

Fig. 1. Inexact current position with horizontal (left) and vertical (right) alignment

Finally, Q is a priority queue of diagram events. The EP&DTL
algorithm defines three types of events: West Edge, East Edge and Spike.
The type of some event g € @ can be obtained by the function type(q):

type(q) = {West Edge, East Edge, Spike}. (11)

West Edge and East Edge events occur as the sweep line reaches the
edge of the site. Their priority equals the abscissa of the edge. West Edge
event fixates part of the wavefront between intersection points, using
bisectors induced from edge vertices, and creates two bisectors at these
points and two bisectors at horizontal edges. East Edge event removes
bisectors at horizontal edges and inserts two bisectors from edge vertices.

Spike event gs, occurs when two bisectors bv; and bv, intersect at a
point ps, = bvy M bv,. The priority of the Spike event gs, in the original
paper [20] is the position of the sweep line £ that is equidistant from pg,
with abscissa xsp and the common owner of the bisectors Ts, = owners(bv,)
M owners(bv,):

Priority(qsp) = Xsp + d(Psp, Tsp)- (12)

The Spike event removes bv; and bv, and creates a new bisector at
Psp. Both bisectors must still be in 7" or the event should be ignored, which
can be done by keeping a flag of removal state for each node 7.
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The uniqueness of the current position from Figure 1 occurs
differently for west and east vertical alignment. East alignment can be
processed in the Spike event of east bisectors, with a new horizontal
bisector. For the case of west edges, the condition is more complicated,
especially with distortions by holes. One of the ways to handle the problem
is to build the Voronoi diagram twice, flipping the abscissa of the slab
elements, collecting edges from both diagrams and connecting disjoint
Voronoi vertices. Section 5.2 considers this method and its limitations,
while an applicable approach is a subject of future research. Figure 2
illustrates the problem of VVoronoi edges' asymmetry.

—
- Current
N wavetront
" %
. ]
=P
Bisectors of
wavefront

Fig. 2. Asymmetry in VVoronoi diagram by edges alignment (shown by circles)

Voronoi
edge

Wavefront
under
fixation

—_—
Fixatioif
bisectors

3.4. Slab boundary condition. Processing of slab boundaries during
the sweep line algorithm in the L, distance metric needs some
modifications.

Definition 2. A bisector representing the slab horizontal edge
Slab" e {Slab®, Slab"} is called a border bisector and is defined by equation
(4) as bvgg = Bv(Slab"). By equation (5) its current position follows the
sweep line.

Definition 3. A bisector representing the slab west vertex of a
horizontal edge Slab" e {Slab®, Slab"} is called a turn bisector and is
defined by equation (6) as bvr, = Bv(Slab", Slab).

The real bisector bv induced by support edge T** and lying on the
slab edge Slab“? is defined by equation (8) as bv = Bv(T"*, Slab"?). Then its
current position is computed by equation (9) depending on T;"..

Initially the sweep line status contains a pair of border bisectors for
slab horizontal edges and a pair of turn bisectors at slab west vertices.
Border bisectors always lie in the extreme positions in the AVL tree T.

Let us denote a Turn event of intersection between a real bv and a
turn bvr, as g, Where X, is the abscissa of the turn bisector position
ep(bvy,). Then the priority of the Turn event is calculated as:
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Priority(qrm) = X1 + d(ep(bvry,), owners(bv)).

The Turn event shown in Figure 3 removes bv and bvy,, and inserts a
real bisector on the slab horizontal edge bvne, = Bv(T“, Slab*?), where
T"' = owners(bv) \ owners(bvrrm), Slab"? = owners(bvry,) \ owners(bv).

Border and turn bisectors prevent violation of slab boundary. The
accepted EP&DTL algorithm and proposed boundary process allow using
Voronoi diagrams for simple building plans. The next section introduces
holes processing in the Voronoi diagram to expand the scope of application.

va ql e !
byyin bvBra " : 127 b"Br_d
'z, 'c,
! |
! |
|
. I _
| |
varn bvBrd b VTrn bv .
8 | = lE rd
. . & R i | el |
Initial step Fixation operation Turn event Results of event

Fig. 3. Example of border and turn bisectors, Turn event (fixation shown in green)

4. Holes processing in Voronoi Diagram. Unlike supports, holes do
not fixate wavefront segments but "shadow" them. Bisectors of a hole do not
define edges in the VVoronoi diagram, but instead determine shadow layers of
other bisectors. Therefore, this section introduces new types of bisectors, a
new structure of the wavefront with "shadows" and new types of events.

Let us define a real bisector bv with the owner T;"* on the hole edge
Hole" by equation (8) as bv = Bv(T;", Hole"?).

Besides, let us define an additional real bisector bv with support edge
owner T;" that is directed from the vertex v, of Hole, by a set of conditions:

bv = Bv(T,vy) = {p:d(p, T{") = d(vi., T*) + d(p, vi);
if x, = x; then x, # x,,, ¥, # Vs (13)

. . L
else sign(y, —¥p) = sign(yp — Yk — 5)}-

The current position of the additional real bisector is calculated by
equation (5) with T;" being the only owner. Such additional bisectors occur
in some cases when a real bisector lying on the hole edge reaches its vertex,
maintaining distractions from holes.
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4.1. Virtual Bisectors in the Voronoi Wavefront. Let us call
bisectors induced by holes virtual bisectors gv. Virtual bisectors determine
the tree layer of other bisectors. The first virtual bisector owner is always a
hole. There are four types of virtual bisectors with different behaviors.

Definition 4. A virtual bisector, which represents the hole horizontal
edge Hole' e {Hole®, Hole"}, is called an edge virtual bisector and is
defined by equation (4) as Sveage = BVedge(Holey") = Bv(Holey"), where
Bveqge denotes the edge virtual bisector creation function.

Definition 5. A virtual bisector at hole vertex with horizontal edge
Hole? e {Hole, Hole"} and vertical edge Hole,? e {Hole,", Hole,%} is
called a corner virtual bisector and is defined by equation (6) as Svcomer =
BVcomer(Hole™, Hole"?) = Bv(Hole ™, Hole,"), where Bvcomer denotes the
corner virtual bisector creation function.

Definition 6. A virtual bisector induced with hole adjacent edges
starting from point p,, € Slab is called an inward virtual bisector:

By, (Hole}!, Hole¥?, R¥3,p,,) = (14)
{p:d(p,Hole}') = d(p, Hole"?)},

where Hole™ € {Hole,”, Hole’} is the hole vertical edge; if Hole,"" is a
west edge then Hole” e {Hole, Hole,"} is the hole horizontal edge; else
Hole" e {Hole™, Hole*"} is an extension of the horizontal edge from the
vertex: Hole™ = ((x + I, Vi), (X + 2+l i), Hole™ = (X, Yic + Wi, (X, Yic +
2'w); R® e R U {&} is the owner of the wavefront segment in py, if it
exists. The owner R™ affects only the definition of the wavefront segment
owner, while p,, affects only the current position.

Inward virtual bisectors can be passive pvy,p or active pSvina
depending on the wavefront owner R* in p,,. For a passive inward virtual
bisector Svi.e the third owner R* can be a slab, a hole edge or none. The
current position of a passive inward virtual bisector gv,.» always equals pj,:

ep(BVina) = Pin- (15)

Active inward virtual bisector fvi,a moves to the vertex of the hole
and its third owner R can be a support edge owner or none. The current
position of an active inward virtual bisector fvi,a is obtained by a complex
equality condition with an artificial sweep line Lay:

ep(BVima) = P € Bvma: d(p, Hole™) =

Lare — Xp, VHole" € owners(Bvma), (16)
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where Loy = L — Ly + 2%, — X; Ly, is the position of £ at the moment of
SVina Creation; x;, is the abscissa of py,; X, = Hole,"™™ m Hole" is the abscissa
of the vertex.

Let us denote the creating function for a passive inward bisector as
Bv),p and for an active one as Bv,a; both are defined by equation (14), but
create different types of inward virtual bisectors.

Definition 7. A virtual bisector lying parallel to the hole horizontal
edge Hole™ e {Holeg, Hole "} is called an outside virtual bisector. The
behavior of an outside virtual bisector depends on its position: bounded by
another hole or slab edge, or free. In the first case the outside virtual
bisector is called limited and is defined by equation (8) as Avou =
Bvou (Hole™, R%) = Bv(Hole™, R*?), where Bvoy is the denotation of the
outside limited virtual bisector creation function, and R* is the edge of
another hole or slab.

In the second case, when the position is free, the outside virtual
bisector is called wide and is defined by equation (3) as
Pouw = BVouw(Hole, R = Bv(Hole ", R*), where Bvoww is the
denotation of the outside wide virtual bisector creation function, R* is the
edge that owns the wavefront segment in the beginning point poy, a support
or hole, or an artificial rotated copy of Hole,"* denoted as Hole* if there are
two owners of the wavefront segment:

Hole x (Holel, pou) = ((x %,y %), (x %,y * +5 - ), an
X *= 2 Xou — X3 Y *= 2 Your — Vi S = SIN(Your — Yic)-

where (Xouw, You) = Pout; (X« V&) are the coordinates of Holey, Iy is the
abscissa dimension of Hole,, that contains edge Hole,": Hole,™! € Hole,.

Table 2 summarizes the bisectors notation. Section 4.3 sets selection
rules between specific creation functions. Once a virtual bisector is created
it does not change its type. New inward or outside virtual bisector can be
recreated with a new subtype and position.

Table 2. Notations for bisector creation and current position functions

Creation | Description [ Position | Eq.
Real bisectors — induced by supports, set edges of the Voronoi diagram during fixation
Bv(T", T Bisector between edges of different supports 3
Bv(T", i) Bisector between edges of one support . ©)
Bv(T") Bisector along support horizontal edge ®) (4)
Bv(T:", p) Additional bisector from hole vertex (13)
Bv(T;"}, Slab®?) Bisector along slab edge
Bv(T"%, Hole") Bisector along hole edge ©) ®)
Border and Turn bisectors — maintain slab boundary during intersection and fixation
Bv(Slah") [ Border bisector along slab horizontal edge [ 6 [ ®
Bv(Slab”, Slab'd) | Turn bisector at the slab west vertex [ @ 1 6
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Creation [ Description [ Position | Eg.
Virtual bisectors — induced by holes, maintain shadows from the holes during intersection and fixation
Bveage(Hole") Edge bisector along hole horizontal edge (5) 4)
BVcormer(Hole™, Hole'?) Corner bisector at the hole vertex (7) (6)
Bvinp(Hole™, Hole", Hole™, Passive inward bisector on some hole edge
In,
BVmp(HOIekull? I-)Iole”z, Slab®, Passive inward bisector on some slab edge (15 (14)
pln)
Bvipa(Hole,, Hole", T p) | Active inward bisector of support segment owner (16)
Passive or active inward bisector without segment 15
Bvip(Hole,"™, Hole””, @, pin) owner depending on sweep line momengt ElG;
Bvou (Holey™, Hole'?) Outside limited bisector along hole edge
Bvou(Hole,™, Slab*) Outside limited bisector along slab edge ©) ®)
Bvouw(Hole™, T%) Outside wide bisector with support segment
owner
Bvouw(Hole™, Hole"?) Outside wide bisector with hole segment owner ®) ®)
Bvouw(Hole", Hole®) Outside wide bisector with two segment owners

4.2. Shadows in the Voronoi Wavefront.

Definition 8. A shadow of the height-balanced binary tree is an inner
equivalent tree between two nodes from the original tree called shadow
nodes. Shadow node with virtual bisector v is defined by:

TS0 = (bisector, left, right, basis, end, dupl),

where bisector(7°") = pv is the virtual bisector of 75 left(7"), right(7°")
are the left and right nodes of 75" basis(7°") is the root node of the
shadow; end(7°") is the pair node on the opposite side of the shadow;
dupl(7%") is a node copy of 7" inside the shadow which is called a
duplicate node.

Definition 9. A duplicate node of some shadow node 7" is:

TPP = (bisector, left, right, main),

where main(7") = 75" is the shadow node of T°%; bisector(7°F) =
bisector(7°") is the virtual bisector of 7°°, the same as 7°; left(7""),
right(7°%) are the left and right nodes of 7°°, one of which is always &
because the duplicate node is the last node in the shadow.

Duplicate nodes ensure the exit of a bisector from the shadow
through the intersection events.

The definitions of shadow and duplicate nodes extend the definition
of real nodes from equation (10). Figure 4 shows an example of an AVL
tree with a shadow layer in it.

Let us call nodes neither Shadow nor Duplicate Flat nodes TF.
Shadow structure should provide a unique intersection between west-
directed bisectors and the wavefront segments. Multiple intersection points
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appear, because a hole should let the intersection be found on any of its
edges or behind it. Therefore, a triple form of the hole shadow is proposed:
upper and lower outer shadows and an inner shadow covered by them both,
as shown in Figure 5. Inner shadow tracks the wavefront reaching the west
edge of the hole. Outer shadows preserve the L, structure of the wavefront
and maintain a unique intersection.

nodes

Shad
nodes

___.ASpecial
arcs

Fig. 4. An example of AVL tree with shadow

Imi | [Swe
- Suo K
’DutW | ¢DP\ |
Outer WSH Outer .
Shadow R <D R Shadow | 4
| Edge M \F “'s_Corne Edg .
Inner Cornr Inner Real . Corner |
St stivdow | Hole > [ Hoe ]
| Edge e ,’F D§7 |SH Shadoy : Corner  Edg¢ |
Outer *.DP. Outer ° Outer :
_/ Shadow PP shadow | Shadow/” |
'Qutw | D | W |
. SH . .
InA | | |
Initial step Intermediate step Final step
Initial types of virtual bisectors | Nodes types and positions Final types of virt. bisect.

Fig. 5. lllustration of shadow structure; old shadow nodes are shown in green

Inward virtual bisectors enclose the inner shadow and, if active,
move to the west vertices corner virtual bisectors. Outer shadow is active
until the sweep line reaches the hole east edge, then it becomes inactive. In
the active state, the outer shadow is enclosed between an outer virtual
bisector and an edge virtual bisector. Inactivation replaces the outer virtual
bisector with an inward virtual bisector directed to the hole east vertex
where the corner virtual bisector lies.

The sweep line algorithm adds the inner shadow and the outer
shadows when the sweep line reaches the west edge of a hole. To add a
shadow, the algorithm should find the beginning positions of shadow nodes
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and insert them, keeping nodes of the wavefront between them in the
shadow using the basis node with duplicate nodes appended there. Shadows
can contain each other entirely if both shadow nodes of another shadow are
inside it, or partly if only one shadow node is covered.

Shadow nodes can be recreated separately retaining the same end
and basis. The outer shadow is removed entirely when some real bisector
reaches the east vertex of a hole. Inner shadow behaves differently: its
shadow nodes can be removed, yet the shadow should still exist, which can
be handled by a new type of nodes with real bisectors moving along the
west edge of a hole.

Definition 10. A node with a real bisector bv lying on the west edge
of the hole and being the last node in the inner shadow is called Blind Node:

= (bisector, left, right, basis, end),

where bisector(72") = bv is the real bisector of 75; left(7®%), right(7®") are
the left and right nodes of 7" one of which is always & because the blind
node is the last node of the shadow; basis(7®") is the root node of the
shadow; end(7®") is the pair node on the opposite side of the shadow. Thus,
the end function can set a paired shadow node outside of the shadow or a
blind node inside it.

Figure 6 shows an example of the diagram and AVL tree structure
when some inner shadow node is removed and a new blind node appears.

If the algorithm removes a blind node, it creates a new blind node at
the same point or recreates the last node in the shadow as a new blind node
with the same end and basis. When two blind nodes intersect, the algorithm
removes the inner shadow entirely.

Removing the shadow node (InA;) [ An inserted blind node (bvg;)
4‘ MAIN TREE x R MAIN TREE
InA2 . ‘ InA,_
d RS
by, ’— -nA <€ 'im by " g—
>'0 Corner .0’; Corner
2 |h ' 2
Hole *., |Hole
In Al(‘ornerl by
\\ bvnew\‘
~
BISECTORS NODES
—+ Real ™ Blind Flat ! Duplicate | «+—  Child
A :
> AR O wedt Cor, Shadow Blind | ¢~ Special

Fig. 6. lllustration of a blind node behavior in the diagram and the tree
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4.3. Operations on the Wavefront. Let us determine the type
operator of nodes such as 7" and any, real or virtual, bisectors such as 4v by
the function type:

1) Nodes: type(T) e {F — flat, SH — shadow, DP — duplicate, BL —
blind};

2) Bisectors: type(#v) € {R — real, BD — border, TR — turn, VE —
virtual edge, VC — virtual corner, VI — virtual inward, VO - virtual
outside}.

There are some corollaries of the shadow structure and blind nodes:

e ifmain(T®") = 7% then dupl(7°") = 7°F,

o if dupl(™®) = 7" then 7°° € basis(T°"),

o iftype(T,) e {SH, BL} and type(T,) € {SH, BL}:

e ifend(7,> B = 7 then end(T°H " BY) = 7,
e ifend(T,°" B4 = T, then basis(7,*" B = basis(7,> &),
o ifend(,*" B = 7, and key(T,) < key(T’,) then:

VT € basis(7;): key(7;°F "Bl < key(T) < key(7,°F °7BM).

Shadow and blind nodes should track changes on the basis. In
practice, it is useful to have a reference to the basis with handlers of
changing events. Besides, to avoid significant time consumption when
computing distances with the holes condition (2) in practice, it is useful to
keep a distance value of the bisector beginning point using the distance
value of a former bisector or by a value itself.

Algorithm 1 defines the intersection of bisector 4v' and node 7" with
an inclusion flag f € {-1, 1} as Intersect(éV', T, f). If nodes lie on bisector
4V', then the function finds the node with the lowest or highest abscissa,
depending on f = 1 or f = —1. If all such nodes are at the same point, then the
function returns the leftmost or rightmost node depending on f.

The function Between seeks the set of nodes in the tree T between
two points piow and py, € Slab, such that y,, > Yiow, as defined:

Between(T, pupr plow) = {:T, € lelow < key(:T') < yup}- (18)

The operation searches for nodes whose keys are between the given
points and goes through the tree using the left and right functions until
conditions are met with O(log n + k), where n is the count of nodes in 7" and
k is the output size.
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Intersect(6V', T # O, f e {-1,1})

1. if ep(T) lower &v' and ep(next(T")) lower 6v' then

2. return Intersect(6v', right(T), f) > seek intersection upper
3. if ep(T) upper &v'and ep(next(T)) upper &' then

4, return Intersect(6v', lefl(T") , f) > seek intersection lower
5. if ep(T) lower &v'and ep(next(T")) upper 4v'then

6. return &v' N (ep(T), ep(next(T))) > intersection point found
7. ifep(T) € Hv'then > one or both lie on bisector
8. Tbase «— T, T «— {T°}, prase «— ep(T"), T" «— prev(T’)

9. else Tvase < next(T), TO" «— {next(T)}, poase «— ep(next(T)), T" «— T

—_
o

. add to 7o all nodes from left to right that lie on .6v' by left and right from Tbase
. Tast «— TOn.Last(), Trirst «— TONFirst(), pLast «— ep(TLast), Prirst <— €P(TFirst)

=N
N

12. if (3T € T ep(T™*) # poase and SgN(XLast — XFirst) = f) OF (Xvase + 1, Ybase — f) € Hv'then
13. return JLast D> return the rightest node
14. else return Trirst D> return the most left node

Algorithm 1. Intersection operation

To create some types of bisectors we need to know an owner of the
wavefront segment: real bisectors with two support owners; real bisectors
on a hole or slab edge; additional real bisectors; outside virtual bisectors;
inward virtual bisectors. The wavefront segment inside 7" at point p with a
choice flag f € {-1, 1} is Segment(T", p, f):

Segment(T,p) = {(7,T;) | key(T}) <y, < key(T3);
, , g"llg-'Z E T; , (19)
T, =next(7;),f =—landep(T}) #por f =
1 and ep(7;") # p}.

The function Owner(T, p, f) gets owner of the wavefront segment:

Owner(T,p, f) = {R*|R"* € owners(T;") N owners(T;"); (20)
7,7, €T, (3, 7;) = Segment (T, p, )}

The function Owner most of the time gives one owner, except for:

e if p lies between inward virtual bisectors inside the inner
shadow, then the segment has two owners: the west edge of the hole and the
same third owner of the inward bisectors;

o if p lies between an inward virtual bisector and a west corner
virtual bisector of the same hole, then the segment has two owners: the west
and horizontal edges of the hole;
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e if p lies between a passive inward bisector without a third
owner and a west corner virtual bisector of a different hole, then the
segment has zero owners;

e if p lies between an inward virtual bisector and an outside
virtual bisector of the same hole, then the segment has two owners: the
horizontal edge of the hole and the third owner of the inward virtual
bisector equal to the second owner of the outside bisector;

e if p lies between an active inward bisector with a support owner
and a real bisector at the edge of the same hole, then the segment has two
owners: the horizontal edge of the hole and the support edge owner.

In some other cases, there can be two or zero owners of the segment,
yet such segments should never hold a new bisector and should not allow an
intersection to pass through. The first case above can happen only for real
bisector creation, and the second and third cases only for virtual creation.

Let us define the creation functions of bisectors at a point p on the
wavefront with node T with direction flag f € {-1, 1} by rules for each
bisector type. Because the function Segment has O(log n) time complexity,
therefore the function Owner and creation functions have O(log n) time
complexity as well.

With the function Owner returning one owner, except for the first
case above, the function Creater(7, T;", p, f) creates a real bisector:

e if |Owner(T, p, f)| = 1 then return Bv(T;", Owner(T, p, f));

o else T, e Owner(T, p, f), Tj € T: return Bv(T\", T;*).

For the inward virtual bisector two owners are given. The function
Create;,(7, Hole,", Hole", pyy, f) is defined:

e if|Owner(T, pin, f)| = 1 and T** € Owner(T, py, f): T € T then
return Bvi,a(Hole ™, Hole", T, pin);

o else if [Owner(T, pi, )] = 1 and R" € Owner (T, pin, f): pin € R
then return Bv,»(Hole,"", Hole*?, R, piy);

e else if |Owner(T, py, f)] # 0 and Hole,' € Owner(T, py, f): £ >
X + | then return Bvj,a(Hole,™, Hole™, &, pir);

e return Bv,p(Hole ™, Hole"?, &, pin).

For the outside virtual bisector, one owner is given, while the second
is the wavefront segment owner. If there are two or zero owners, then we
need to build an artificial edge owner by equation (17). The function
Createoy(T", Hole", p, ) with the inducing owner Hole," is defined as:

o if |[Owner(T, p, f)] # 1 then return Bvguw(Hole",
Hole*(Hole ", p));

e elseif R" € Owner(T, p, f): p € R" then return Bvg, (Hole ", RY);

e else return Bvouw(Hole, Owner(T, p, f)).
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The function Form(7°") returns a form of the shadow by a shadow
node T°: if type(bisector(T°")) e {VE, VC} or type(bisector(end(7T"))) e
{VE, VC}, then Form(7°") = Outer; else Form(7>") = Inner.

The function Insert(7, 6v) adds bisector 4v to the tree T with node
type t € {F, SH, DP, BL}. If the function inserts a shadow node, then it
inserts a duplicate to the shadow of it as well. The function Insert(T", Svy, fv»)
adds a shadow from the virtual bisectors v, and Bv, into tree T keeping nodes
between them and their duplicates into the shadow. When inserting a shadow
node 7" of an inner shadow, we bond it with its pair using Inner(Hole,, f) =
75" f=—1 or 1 for the lower or upper node; if the wavefront reaches the west
corners of Holey, then Inner(Hole,, f) = &.

The function Voronoi(T;, (p1, pP2)): VEi.Add((ps, po)) fixates (py, py) for
site T;. Algorithm 2 describes the function Voronoi(7 e, Tprevs Trixs &, b) adding
a Voronoi edge between nodes or a node and a point if a or b # & by T

Voronoi(Tnext, Tprev: Tnext = next(Tprev), Tix € T, @ € Slab U {}, b € Slab L {J})
1. setprextas aif it is given or as ep(Tnext) otherwise
2. setpprevas bif itis given or as ep(Tprev) otherwise
3. if Tmid” € owners(T prev)Mowners(Tnext): Tmid € T and Tmig # Tix then
4, Voronoi(Trid, (Pnext, Pprev)), Yoronoi( T, (Pnext, Pprev))
5. if Rmi¢” € owners(T prev)NOWNers(Tnext): Pprev € Rmid and prext € Rmic” and Rmig ¢ T then
6 VOI’OﬂOi(Tﬁx, (pnext, Pprev))
Algorithm 2. Adding a VVoronoi edge between two nodes

The function Fixate(6v') fixates a Voronoi edge by a real bisector -6v'
with two different owners. The function creates a Voronoi edge for every
support owner from the beginning point to the current position of the bisector
ep(6Vv). The function Remove(T, T") deletes T from T and fixates it:
T.Remove(T™"), Fixate(bisector(T™)).

The function Bvi,q(7°") sets an intersection bisector of 7°", outside
or inward. If Hole, e Hole is the hole of 7°" and end(T%"),
Peng = ep(end(T°1)), type = type(bisector(7°H)) e {VI, VO}, then:

e iftype = VI then return Bv(owners(7>")) without third owner;

e else return Bv({(Pens, (X + I YK)), (Pend; (Xends Yk + Wi))}) —
sets the bisector from the position of the paired shadow node.

The function Front(7";) defines a root of the tree by searching for the
leftmost node T i, from 1. If type(Tmin) € {DP, BL}, then the function returns
a basis from the shadow or blind node. Else it returns a root of the main tree 7.

Algorithm 3 describes the function Relocate(7', 7, p) finding a new
bisector for 75" with an outside or inward bisector in position p of the tree 7.
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Relocate(T # &, TSH: type(bisector(TsH)) e {VI, VO}, p € Slab)
f — sgn(key(TSH) — key(end(TSH))), set Holex*! as the edge inducing the bisector of 77SH
if type(bisector(TH)) = VI then
set Hole'2 as the second edge inducing the bisector of 77SH
return Createin(T", Holex!!, Hole“, p, f) > return inward bisector
else return Createou(7", Holex'", p, f) > return outside bisector
Algorithm 3. Relocation of outside or inward virtual bisector

a0~

The function Inject(T, 75", p) inserts a relocated shadow node of the
previous shadow node 7" into the tree 7" at position p: Trew" = Insertgy (7,
Relocate(7, 7", p)), end(Tew-") = end(T").

Algorithm 4 defines the function Swap(T, T, ) swapping
shadow nodes main(7;°") and 7,°" with inward or outside bisectors in tree T":

DP SH
1 TZ

Swap(T # &, T1PP, T2%1 e basis(main(T1PF)))

1. T4SH «— main(T1P), p1+ < Intersect(Bvinsa(T+1%), basis(T25H), 1) > new position of 77451
2. set (pup, pLow) as (ep(T2%H), pr) if key(T+15H) < key(T72%H) or vice versa otherwise

3. Twn « Between(basis(T2%H), pup, pLow)

4. PBvr — Relocate(basis(T251), T18H, pr),

5. Pvor < Relocate(T", 7251, ep(T1PF))

6. Remove(basis(T2H), VT* e Jbtwn)

7
8

Remove(basis(T2H), dupl(T25H)), Remove(basis(T15H), T725H); > remove T8
. Remove(basis(T1%H), T1PP), Remove(T", T15H) > remove 741
9. T2SM «— Insertsu(T", Bvz), end(T2-SH) = end(T25H) D> relocate 725M to T
10. T1S1 «— Insertsu(basis(T>"), Bvr+), end(T++SH) = end(T+SH) D> relocate T+ into T2+SH
11. Insertypeg)(basis(T1+H), VI* e Jotwn) D> reinsert nodes of Jbtwn
12. return (J71+SH, Jp:SH, gbtwn) > relocated nodes and 7otwn

Algorithm 4. Swapping shadow nodes in tree

Algorithm 5 defines the function OnShadow(T,,, f € {-1, 1}) giving
a shadow node of the intersected shadow in the segment from node T, in
ordinate direction f and ascending abscissa. The time complexity of the
function is O(K), where K is the count of holes.

OnShadow(Ton # & type(bisector(Ton)) € {VE, VC, VI VO}, f € {-1, 1})

1. pon < ep(Ton), set T as next(Ton) if f= 1 or as prev(Ton) otherwise, p' «— ep(T™")

2. while (x> xon and sgn(y’ — yon) = f) or p' = pon do > the same point or co-directional
3. check if type(bisector(Ton)) ¢ {VE, VC, VI ,VO} then return & > must be virtual

4, if type(T") = SH then D> east corner of hole

5. return end(7'SH);

6. if type(bisecton(T")) = VC then > west corner of hole

7. set Holex as hole owner of node 7™ with west corner bisector by owners(T™)

8. return Inner(Holex, f) > inward bisector to the corer 7"
9. set T as main(J'°F) if type(T™) = DP > get a shadow node if duplicate

Informatics and Automation. 2026. Vol. 25 No. 2. ISSN 2713-3192 (print) 535
ISSN 2713-3206 (online) www.ia.spcras.ru



MATEMATHUYECKOE MOJEJIMPOBAHUE U ITPUKJIATHA L MATEMATHKA

10. set 7" as next(T") if f= 1 or as prev(T") otherwise, p' «— ep(T™)
11. return & > no intersected shadow in segment
Algorithm 5. Checking existence of intersected shadow in wavefront segment

Algorithm 6 defines the function Fixate(T, bv,' | a, bvwy' | b, T; € T,
f e {-1, 1}) fixating nodes between bisectors or points bv,' or a and bv,’ or b
in T by site T; with an inclusion flag f. If f = —1 then the algorithm does not
process shadow nodes at the intersection points; for the West Edge event, the
initial state f equals —1. There are three cases processing shadows:

e if bvy' or bvy' intersects a pair of shadow nodes, and only one of
the pair lies between, then we fixate part of their shadow and relocate the
shadow node in the between set at a new position (Figure 7a);

e if there is a lower shadow node of an outer shadow between the
intersection points and the upper shadow node is also in the between set, then
the algorithm fixates the shadow of the shadow node entirely (Figure 7b);

o if there is a hole west vertex in the between set that is not on the
slab edge then the algorithm fixates part of the inner shadow maintained by
the inward shadow node directed to the related west vertex (Figure 7c).

Intersected
shadow

€))
______ wes’ corner real bisector sweep line
................. inwar ? (o) e - - - >
wavefront bisector east corner relocation intersection bisector

Fig. 7. Special cases of fixation: intersecting a shadow a) fixating an outer shadow,
b) fixating an inner shadow, c) fixated and removed elements shown in green

Fixate(T # &, bva'ora, bvp'or b, Tie T,f e {-1,1})
1. a< Intersect(bva', T, f), b — Intersect(bvy', T, f) [>find intersection points if not given
2. T« Between(T, a, b), TFirst <— T First(), TLast «<— TPWn Last()

3. iff=-1then > is there shadow nodes at a or b
4 while 700 == & and type(Trirst) = SH do > shadow nodes in point b

5. Jotwn Remove(Teirst), Trirst «— T, First()

6 while 700 2= & and fype(T'Last) = SH do > shadow nodes in point a

7 Jotwn Remove (T Last), TLast «— TP Last()
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8. TiowSH < OnShadow(Trist # B, —1), TupSH < OnShadow(T Last # 3, 1)

9. if Ty D then > shadow intersected in point a
10. Fixate(basis(Tup®), bva', ep(Tup®™), T, f) D> fixate under a (Fig. 7a);
11. if 7% = & then > no nodes between a and b case

12. (Trirst, TLast) «<— Segment(T, b, 1), Voronoi(Trirst, TLast, Ti, a, b)

13. else Voronoi(Trirst, prev(Trirst), Ti, &, b), Voronoi(next(T Last), T Last, Ti, a, &)

14, for T*e T do > nodes in 7% from upper to lower
15. bv* — bisector(T™), p* <« ep(Hv*), prext < ep(bisector(next(T)))

16. if type(T*) = SH and Form(T™*3H) = Outer and y* < key(end(7™*S1)) then > Fig. 7b

17. Fixate(basis(T*H), p*, ep(end(T*H)), T;, -1))

18. else if type(6v*) = VC and type(7™*) = F and ASlab*: p* e Slab* then >Fig. 7c
19. (Holex", Holex“) «— owners(Bv*) > west and horizontal edge from Bv*
20. if Holek' = Holes then > find extension of horizontal edge
21 Hole™ «— ((Xk, y«), (Xk, Yk — Wk)), Finw «<— —1

22. else Hole*" «— ((X«, yk + wWk), (Xk, Yk + 2:Wk)), finw < 1

23. T < Inner(Holex, finw), Piow < ep(Tin®), 6Vin' — Bv(Hole*", Holex")
24, Fixate(basis(TinwSH), pinw, 6vin', T, =1) D> fixate part of inner shadow
25. TwBL «— Insertai(basis(T i), Bv(Ti, Holex*)), end(T'wBL) <— end(TinwsH)
26. Insert in Q a new intersection event for 7B if needed

27. add a Voronoi edge Voronoi(next(T™*), T, Ti, &, &) if T* # T Last
28. Remove(T, VT™* e Jbwn)

29. if TLow®™ # & then D> shadow intersected in point b
30. Fixate(basis(TLowH), ep(TLow®™), b, T, ) D> fixate above b (Fig. 7a)

31. TLowSH «— Inject(T, TLowSH, b) > relocate lower shadow node

32. else T'» «— Inserte(T, Creater(T", T, b, -1)) > create bisector in lower point
33. if Tyt = & then

34. Ta < Insert:(T, Creater(T, T, a, 1)) > create bisector in upper point
35. else Tupt < Inject(T, TupSH, a) > relocate upper shadow node

36. Insertin Q new intersection events for 72 and 7' or for Tup-SH and T'LowSH if needed
Algorithm 6. Fixation of the nodes between two points

The worst case of the count of Fixate executions follows. The left
half of the holes lies lower than the other half in a descending order of
abscissa and ordinate with upper outer shadows and upper shadow nodes of
inner shadows enveloping each other, while the right half lies in the same
order; therefore, their lower shadow nodes of inner shadows lie on the
segment between the upper shadow node of inner shadow and the northwest
corner of the uppermost hole from the left half. This is the worst possible
case of a single Fixate execution, because the fixation from the northwest
corner of every hole (step 18) from the right half can possibly interact with
each upper outer shadow and upper parts of inner shadows of every hole
from the left half. Then the Fixate operation will happen K%2 + 5K + 1
times, where K is the count of holes. But the average number of occurrences
for every outer shadow and twice for every inner shadow is 4-K + 1 times.
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The operation with the worst time complexity in each execution is
step 28 removing nodes from the between set with O(n log n) in the worst
case of each node removed (n is the count of nodes) and OnShadow
execution with O(K) in the worst case. Therefore, the time complexity of
the Fixate operation is O(K*n-log(n) + K3).

Therefore, the proposed structure of the shadows in AVL trees
handles the holes processing. Table 3 describes the wavefront functions and
their time complexity, where n is the count of input nodes, k is the count of
output nodes, and K is the count of holes. Further, the new sweep line
events corresponding to the holes are described.

Table 3. Wavefront operations and functions

Function Description Time Ref.
Intersect(6v', T, ) Gets wavefront intersection by bisector O(log n) Allg.
Between(T, Pup, Piow) Gets nodes in tree between points O(logn+k) | (18)
Segment(T, p, f) Gets nodes of wavefront segment in point O(log n) (19)
Owner(T, p, f) Gets edge owner of wavefront in point O(log n) (20)
Creater(T, T, p, f) Creates real bisector by owner in point O(log n) -
ul u2
Createn(T" HO:ek » Hole™, pi, Creates inward bisector by owners in point O(log n) -
Createou(T, Hole", p, f) Creates outside bisector by owner in point O(log n) —
Form(7°") Gets form of the shadow (Outer or Inner) 0o(1) —
Insertype(T, V) Creates a node of chosen type by bisector O(log n) -
Insert(T", Bva, Bva) Creates shadow nodes pair by bisectors O(log n) -
Inner(Holey, f) Gets a shadow node of inner shadow 0(1) -
Voronoi(T;, (p1, p2)) Sets Voronoi edge for support by segment 0(1) -
Voronoi(Tnexts Tprevs Tiy @, b) Sets Voronoi edge between nodes or points oM A;g.
Fixate(4v') Fixates VVoronoi edge by bisector 0(1) -
Remove(T, T) Removes node from tree and fixates it O(log n) -
BVinsa(TH) Gets intersection bisector by inward, outside 0o(1) —
Front(T1) Gets root node of the tree in which Ty is O(log n) -
SH - O(log n) Alg.
Relocate(T", 7, p) Relocates shadow node to point into tree 3
Inject(T, 7%, p) Inserts a relocated shadow node O(log n) -
Swap(7, 717, 7,°) Swaps inward or outside shadow nodes O(n log n) AJ‘g.
OnShadow(T o, f) Checks if shadow under wavefront segment 0K) Aég.
. , , Fixates nodes between bisectors or points O(K>n- Alg.
Fixate(7, bv' |, bw'[D, Ti, ) from the wavefront log(n) + K® 6

Let us extend set from (11) with new event types: Begin Hole and
End Hole process holes; Blind Spike and Inner Wave describe the
wavefront reaching the west edge of a hole; Virtual Spike, Outside Spike,
Inward Spike and East Corner set the intersection with virtual bisectors. The
priority of the first pair equals the abscissa of the edge; the priority of others
follows the spike event priority as in (12). The ordering of the events with
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the same priority: Blind Spike — Spike — East Edge — Outside Spike — End
Hole — Inner Wave — Inward Spike — Virtual Spike — West Edge — East
Corner — Begin Hole — Turn. The time complexity of the proposed
algorithm is given in Section 4.6.

4.4. Hole Events of Voronoi Diagram. Algorithm 7 defines the
Begin Hole event creating the hole shadow from Figure 5. The event has
two special cases for intersecting shadows. Let us accept that the algorithm
intersects only one shadow layer; then it is always an outer shadow. Then
the shadow node with outside virtual bisector is removed from the between
set and relocated to the main tree. If this node lies inside another shadow
(the second special case), then its shadow node is relocated as well.

Algorithm 8 defines the End Hole event changing the outer shadows.
The special case of the End Hole event occurs when the outside bisector
belongs to the other active outer shadow. Then the outside bisector of this
shadow should also be relocated inside the recreated shadow.

Input T # &, g « Q.pop(), L < Priority(q), type(q) «— Begin Hole, Holeq — hole of the event g

1. a <« Intersect(Bv(Holeq", Holes"), T, 1), b < Intersect(Bv(Holeq", Holeg®), T, 1)

2. 7o — Between(T, a, b), Trirst «— T First(), TLast «— T2 Last()

3. T «— OnShadow(TFirst, —1), TbSH < OnShadow(T Last, 1) =

4, if TpSH # O then > lower bisector intersect shadow
5. a* «— ep(TuH), bnew < Intersect(Bv(Holeq", Holeg®), basis(TsH), 1)

6. Jon  {T* | T* e Between(basis(Ts™), a*, bnew)} L T0n

7. Bvins < Createn(basis(Ts%H), Holeq", Holeqs, brew, —1) > lower inward bisector
8. Bvous < Createout(basis(Ts%"), Holeg®, bnew, —1) > lower outside bisector
9. else Bvins — Createn(T, Holeq", Holegs, b, —1), Bvout® < Createout(T, Holegs, b, —1)
10. if 751 # & then D> upper bisector intersect shadow
1. anew < Intersect(Bv(Holeq", Holey"), basis(Ts), 1), b* < ep(TsH)

12. Jotwn o Jotwn ) {T* | T* e Between(basis(T2%H), anew, b*)}

13. Bvin" < Createin(basis(T:), Holeg", Hole", anew, 1) > upper inward bisector
14 Bvou" < Createout(basis(Ts%), Holeq", anew, 1) > upper outside bisector
15. else Bvin" < Createn(T", Holeq", Holeq", a, 1), Bvou” «<— Createout(T", Holeq", a, 1)

16. for Tinte:™ in {TbSH # &, T2%1 # &} do D> first special case

17. set Tneigh as prev(Tinter™) if TinterS = TS or as next(TinterSH) otherwise

18. if end(Tinter™) # Tneigh then > second special case
19. (Tneigh*SH, TinterSH, T*btwn) «— SWEP(T, dUp/(TneighSH), TinterSH)

20. Jotwn  Jotwn \ (7700 ) {TneighSH, TinterPP}), TN «— {TneighSH} (U Jotwn

21. set TaSH as Tneign'SH if main(Tneigh®) = T8 D> reference the relocated shadow
22. Remove(basis(Tinter™), Tinter™F), Remove(T, TinterSH)

23 Tbtwn «— Tbtwn \ {TinterSH, Tin!erDP}

24, Remove(basis(Tinter™M), VT* € T0M0)

25. Insert(T, Bvin", Bvin®) > inner shadow with 70 inside
26. Insert(T", Bvcomer(Holeq", Holeq™)), Insert(T", Bvcomer(Holeq”, Holeq®)) > west comers
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27. Insert(T", Bveage(Holeq"), Bvout™) > upper shadow with north inward and corner inside

28. Insert(T", Bvedge(Holeg®), fvous) > lower shadow with south inward and corner inside

29. set TpSH as Inject(T", TS, b) if ThSH # & D> relocate 7',5H with Bvout® inside

30. set T=H as Inject(T", T2, a) if TS # & D> relocate 772SH with Bvout” inside

31. Insertin Q new events for every inserted and relocated node, including the duplicates
Algorithm 7. Begin Hole event processing

Input " # &, g < Q.pop(), L « Priority(q), type(q) « End Hole, Holeq - hole of the event g

1. set T'nedge®! as node of Bvedge(Holeq"), set TsedgeSH as node of Bvedge(Holeq®)

2. for TeageSH in {T'NEdgeS!, T'sedgeSH} do D> for outer shadows

Toutt «— end(TeageS), Remove(dupl(Tedge®™), dupl(TedageSH)), Remove(T", Tedge®)

if TEdgeS™ = ThedgeSH then

T neigh «— neXt(TEdgeSH), Holeq" < Holeg", f «— 1

else Tneigh <— prev(Tedge®), Holeg! «— Holeg®, f«— —1

T comer™H «— Insertsu(T", Bvcomer(Holeq?, Holeq!)), end(TCornerSH) «— ToutH

if Tneigh # Tou then > the special case

. (Tneigh*SH, TOutSH, Tbtwn) «— SWGP(T, dUp/(TneighSH), TOutSH)

10.  Bvin < Createn(T, Holes®, ep(TousH), f)

1. Remove(basis(TouSH), dupl(Toust)), Remove(T, TousH)

12. TinSH — Insertsu(T, Bvin), end(TmSH) <« Tcomer™!

13. Insert in Q new events for every inserted and relocated node, including the duplicates
Algorithm 8. End Hole event processing

© 0N ORA W

Figure 8 illustrates the first and second special case of Begin Hole
event and the special case of End Hole event.

Algorithm 9 defines the Blind Spike event handling intersection
between a real node and a blind node at a point pq. If both nodes are blind,
then the algorithm only removes them; else it creates a new blind node in
the same or in another position along the edge.

Algorithm 10 defines the Inner Wave event of the wavefront
reaching the west edge of the hole. It occurs if some node with a real
bisector bv, reaches the west edge of Holey; then the wavefront segment
with the bisector bv, should be fixated partly or entirely on the west edge
at the current moment of the sweep line. To track the Inner Wave event
during the insertion of the new events for created flat nodes or relocated
flat nodes from the between set in the Begin Hole event, we should check
if they lie in the inner shadow using Front and if they have an intersection
with the west edge of the hole. If pq is the point of intersection, T, is any
owner of bvg, then the priority of the Inner Wave event is calculated by
equation (12): Xq + d(pg, Tq)-
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Fig. 8. Special cases of hole events: first a) and second, b) special cases of Begin

Hole event, c) special case of End Hole; changed nodes shown in green

Input g < Q.pop(), £ < Priority(q), type(q) < Blind Spike, Tq1, T'q2: T'q2 «— next(Tq1), pq

1.
2
3
4.
5.
6
7
8

9.

10.
1.
12.
13.
14.

if type(Tq1) = BL and type(T'q2) = BL then > both bisectors blind
Remove(basis(Tq1BL), Tq2), Remove(basis(T¢1BL), Tq1), End > only remove them
if type(T'q1) = BL then
TBL— TgiBl, T «— T2, Tneigh <— Next(T™"), Preigh «<— €p(Tneigh), HoleW e owners(T ¢1)
else TBL «— TgBL, T« T g1, Tneigh «— prev(T™), Preigh «— €p(Tneigh), Hole™ € owners(T q¢2)
while Tneigh # & and Xneigh = Xq do > while nodes with same abscissa
T# «— owners(T") N owners(Tneigh), Voronoi(Ti, (ep(T"), preigh))
Remove(basis(TB), T"), T" «— T neigh
set Tneigh as next(T™") if type(Tq1) = BL or as prev(T") otherwise
if type(T") ¢ {BL, DP} then
T — owners(T") N owners(Tneigh), Remove(basis(T), T")
Remove(basis(end(T®L)), TBL), ThewPl «— Insertsi(basis(end(T8L)), Bv(T, Hole))
end(TnewBt) — end(T8L)
Insert in Q new spike events for TnewBt
Algorithm 9. Blind Spike event processing

Input g < Q.pop(), L < Priority(q), type(q) < Inner Wave, T'q: bisector(Tq) < bvq, Holeg"

1.
2.
3.

check if T'q is removed then ignore this event
T« prev(T), p' < ep(T"), TWave « {Tg}, set xq as abscissa of hole's west edge
add to 7™Wave all nodes from left to right with current abscissa = xq by left and right from T7q
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remove first node from J"Wave if it's duplicate or blind 7Vave Remove(T™Vave First())
remove last node from 7Wave if it's duplicate or blind 7"Wave Remove(Tave Last())

TLow «<— TWave First(), Tup «— TWave Last(), TFront <— Front(Tq)

Tiow! «— owners(T'Low) N owners(next(T Low)), Tup" «— owners(Tup) M owners(prev(Tup))
for T7* € JWave \ TWave | ast() do P> fixate segments lying on edge of hole
9. T# «— owners(T*) N owners(next(T™)), Voronoi(Ti, (ep(T*), ep(next(T™))))

10. TupNew «— Inserte(Trront, Bv(Tup", Holeg")), T LowNew «— Inserte(TFront, BV(TLow!, Holeg"))
11. Remove(Trront, VT € TWave)

12. Insertin Q new events for new flat nodes on hole west edge T'upNew and TLowNew
Algorithm 10. Inner Wave event processing.

© N o oA

4.5. Virtual Spike Events of the Voronoi Diagram. The Virtual
Spike event occurs when a bisector intersects a virtual bisector. If gys, is a
Virtual Spike event, #v,; and 6v, are intersecting bisectors, pys, = 6v1 N
bV, is the intersection point, then the priority of the Virtual Spike event is:

Priority(qysp) = Xvsp + d(Pysp, Rvsp),
where Rys, is @ common support edge owner if the bisectors have such, or
the only support edge owner if any bisector has such, or a hole edge owner

which induces an inward or outside virtual bisector.
Figure 9 illustrates examples of every virtual intersection event types.
g’i* : ﬁew

iTI)P
2 (major) \
2:\ Q:ESH Hole |75 | Hole
(mini)r)‘T_ T— 7 Toaa
Hole| - Hole (inward) |

Virtual Spike Inward Spike

Hole Hole
7.me’ner TOSIII;I"

Hole, T2 Hole, |

Fixate” Ti™" :
_P

N
- TSH\ S, Vi :T('Zorner* A N
SH.
end(T:™) T, 7 Jou s *
A
East Corner Outside Spike
> <> T Y T
real bisector outside bisector main wavefront
4 » ® O outer shadows
passive active west east .
inward bisector corner bisector inner shadows

Fig. 9. Examples of intersection events with virtual bisectors
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The intersection events are specified at the insertion moment.
Figure 10 describes a specification of intersection events. The type of a
virtual corner bisector can be defined by abscissa equality with the
corresponding edge of the hole. Label "X" is shown for the pairs that should
never have an intersection event.

Fig. 10. Specification of intersection events between different types of bisectors

Algorithm 11 defines the Virtual Spike event. If the first bisector
represents a duplicate node, then the second bisector exits the shadow,
relocating both of them. Else one enters the shadow of the other. Both
bisectors must not be removed or the event should be ignored.

Algorithm 12 defines the first special case with intersection between
outside and corner virtual bisectors. If the outside bisector moves along the
east edge, then the algorithm relocates it in the inward direction from the
vertex including the corner and its paired inward bisector to the shadow. If
the outside bisector reaches the east corner by the horizontal edge, then it
exits the shadow, includes the corner and its paired shadow node into the
shadow and relocates this corner pair in the inward direction. Else the
outside bisector includes the corner node into the shadow and redirects itself
along the edge. Let us call it an Outside Spike event.

Input q = Q.pop(), L = Priority(q), type(q) = Virtual Spike, T1, T2: T2 = next(T1), pvsp
1. check if 71 or T2 are removed then ignore this event

2. set (Tmajor, Tminor) @s (T2, T) if (fype(T2) = DP or type(T1) = F) or vice versa otherwise

3. setall Trront, Trom, Tinto @S Front(Tmajor), set all Pminor*, Prmajor @S Pysp, t <— type(T minor)

4. if type(T major) = DP then D> T minor €Xits shadow T'major
5. TmajorSH «— main(T majorDP), T trom «— basis(T majorSH), Prminor* «— PVSp, Pmajor* «— PVSp

6 if Tmajor = T2 then D> points for Tmaijor relocation
7 Pinside <— ep(pl’eV(TmajorSH)), Preigh «<— ep(preV(Tminor))

8 else pinside «— ep(neXt(TmajorSH)), Preigh <— ep(next(Tminor))
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9.

10.
1.
12.
13.
14.
15.
16.
17.
18.
19.
20.
21.
22.
23.
24.
25.

set Pmajor* @S Pinside if Pinside € BVinsd(TmajorSH)
set Pmajort @S Preigh if (Pneigh € BVinsd(TmajorSH) and Xneigh < Xmajor*)
if = SH then D> need to relocate T minor
if Tmajor = T2 then
Pinside «— ep(neXt(TmajorSH)), Preigh «— ep(neXt(dUp/(TminorSH))
else pinside < ep(Prev(Tmaor™)), Pneigh «<— ep(prev(dupl(TminoH))
set Prminor* @S Pinside if Pinside € B\/insd(meinorSH)
set Prminor* @S Pneigh if (pneigh € B\/insd(TminorSH) and Xneigh < Xminor*)
else Tinto «— baSiS(TmajorSH), b Vmajor <— Relocate(T ront, :TmajorSH, pvsp)
if = SH then B> find relocated T minor
& Vminor «<— Relocate(Tint, T minor>H, Prminor*), Remove(baSiS(TminorSH), dupl(T minor))
else b Vminor «— Bv(owners(Tminor))
Remove(T om, Tminor), RemOVG(baSiS(TmajorSH), TmajorDP), Remove(TFront, TmajorSH)
T minor* <— Insertt(Tinto, fg”Vminor*)
set Hvmajor as Relocate(TFront, T major™, Prmajor’) if type(Tmajor) = DP
Tmajor*SH «— InsertSH(T from, & Vmajor*)
Insert in Q new events for TmajorrSH and its duplicate, T'mino and its duplicate if isn't flat
Algorithm 11. Virtual Spike event processing

Inputq Q.pop(), L = Priority(q), type(q) = Outside Spike, T'1, T2: T2 = next(T"1), pvsp

©oo NSOk wWN

11.
12.
13.
14.
15.
16.
17.
18.
19.
20.
21.
22.
23.
24.
25.

check if 71 or T2 are removed then ignore this event
if type(Bv1) = C then
TouSH «— T2, Tcomer — T4, Bvout «— bisector(T2), BVcomer «<— bisector(T1), f «— -1
else Tou® «— T18H, Tcomer «— T2, Bvout <— bisector(T1), Bvcomer = bisector(T2), f < 1
Holex" e owners(Bvout): Holex1! € Holexs > hole edge inducing outside bisector
if type(T comer) = DP then > east corner by horizontal edge case
T comer™ «— main(T comerPF), Tend®H «— end(Tcomer™H), Tront «<— Front(T1)
(TengSH, TouSt, T72M0) «— Swap(T Front, dupl(Tend®H), TouSH)
ﬁVOut’ «— (':‘I'eal‘EOUt(f]"FrontY HO/9k1U1, ep(TCorner)y f)
Remove(basis(T comer™H), dupl(T comeSH)), Remove(TFront, T comerSH)
T comerSH «— Insertsu(end(.’]"omSH), ﬁVCorner)
Remove(basis(TouSH), dupl(Tou)), Remove(TFront, TouSH)
TourSH «— Insertsu(.’T Front, ﬁVOut‘)
else if type(Tcomer) = SH then > west corner case
T Front «— Front(IT1), ,BVOut* = Cl'eatGOut(TFront, HO/ek1U1, ep(TComer), f)
RemoVe(TFront, TCorner), T Comer = InsertF(end(TOutSH), ﬁVCorner)
Remove(basis(TouSH), dupl(Tou)), Remove(TFront, TouSH)
TourSH «— InSGfTSH(TFront, ﬁVOut‘)
D> east corner by east edge case
else TendS — end(TCornerSH), Tend®® «— dUp/(TEndSH), TFront «— Fl’Oﬂt(T1)
Remove(basis(Tou), dupl(TouH)), Remove(Trront, Tou™)
set Teigh as next(Tend®®) if type(Bv+) = C or as prev(TendP®) otherwise
Remove(basis(T comerSH), dupl(T comerS™)), Remove(T Front, T comerSH)
T ComerSH «— Insertsu(end(Toms“), ﬁVCorner)
if type(Tneign) = SH then D> if intersects another shadow
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26. (TEndSH, Tneigh*SH, g"btwn) = SWBP(T, TEndPP, TneighSH), TFront = baSiS(Tneigh’SH)

27. TOut’SH = Inject(TFront, TOutSH, ep(TEndSH))

28. Insertin Q new events for all created and relocated nodes, including duplicates;
Algorithm 12. Outside Spike event processing

Algorithm 13 defines the second special case of inward and corner
virtual bisectors. For the east corner, the algorithm removes the shadow and
creates new real bisectors from the east vertex of the hole. Else the
algorithm creates a real bisector along the horizontal edge and a blind node
along the west edge. Both happen only if the corner virtual bisector does not
lie on the slab edge. Let us call this special case an Inward Spike event.

Input q = Q.pop(), L = Priority(q), type(q) = Inward Spike, 71, T'2: T2 = next(T1), pvsp
check if 71 or T2 are removed then ignore this event
if type(bisector(T1)) = C then

TinwSH «— T2, Tcomer «— T'1, Preigh «<— ep(next(T2))
else TinwSH «— T15H, Tcomer «— T2, Preigh «— ep(prev(f]"w))
check if corner virtual bisector lies on the slab edge then ignore this event
(Hole*, Hole®2, T8) «— owners(T ), Teront <— Front(T"1), Remove(TinS, dupl(Tn®H))
set Hole®d as Hole'? if Form(T'inw®) = Inner or as Hole! otherwise
if Form(Tnw®) = Inner then
9. Tw «— InsertsL(end(Tinws"), Bv(T®3, Holev")), end(TwB) «<— end(Tinw)
10. else remove flat node on the edge and both duplicates from basis(Tinw)
11. Remove(Trront, T1), Remove(Teront, T2), Tnew < Inserte(T, Bv(T43, Holesd))
12. if (Form(Tinw®) = Inner and Xneigh < Xvsp) or (Form(Tinw®) = Outer and Xneigh < Xvsp) then
13. T add «— Inserts(Trront, BV(TH, pysp)) > additional bisector as in (13)
14. Insert in Q new events for all created flat and blind nodes

Algorithm 13. Inward Spike event processing

N>R W =

Algorithm 14 defines the third special case with intersection of a real
bisector along the hole's east edge and its corner. The algorithm fixates the
shadow and creates a new flat node using the intersection of the bisector in
the inward direction from the corner. Let us call this special case an East
Corner event.

Input q = Q.pop(), L = Priority(q), type(q) = East Corner, T1, T2: T2 = next(T1), pvsp

1. check if 71 or T2 are removed then ignore this event

2. Trront < Front(T4), set Tix € T such that T € owners(T1) L owners(772)

3. iftype(T1) = SH then

4, Fixate(TFront, ep(T1), BVinsa(end(T18H)), Trx, 1) > south east corner case
5. else Fixate(TFront, BVinsa(end(T2%)), ep(T2), Tix, 1) > north east corner case

Algorithm 14. East Corner event processing
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4.6. Time complexity of the events and proposed algorithm. Each
support creates 4 nodes and each hole creates 14 nodes. Therefore the total
count of nodes is n = 4-N + 14-K; thus, the time complexity of the proposed
algorithm O(n) equals O(N + K). Table 4 shows the time complexity of a
single execution for each event type and the estimation for the count of
events of each type happening in the proposed algorithm.

Table 4. Time complexity and number of events execution

Event Purpose Key operation Sel)?gcle Count
. - Insert border, turn bisectors; O((N+K)- _
Initial Initialize the wavefront initiate supports, holes events log(N+K)) =1
West Fixate nodes in wavefront; insert 2 _
Edge Process a new support new real bisectors Iogéﬁ +E) + =N
East Intersection of a real Fixate nodes in wavefront; insert K3log(N+
bisector and hole's east . <2:K
Corner new real bisectors K)
vertex
Blind Intersection with a blind Remove nodes; recreate blind O((N+K)- <2:N+
Spike node node along hole edge log(N+K)) 2K
. Create virtual bisectors; enclose
?_fgllen Process a new hole wavefront nodes in new shadows; IS(((’:I:-E;) =K
relocate intersected shadow nodes 9
End End hole's processin Transform shadow nodes of O((N+K)- -K
Hole P 9 hole's outer shadows log(N+K))

Outside Intersection of an outside Relocate outside bisector, related (N+K)- <K
Spike bisector and hole's vertex shadow node of vertex log(N+K) =
Inner Process wavefront Fixate nodes r_eachlng west edge; (N+K)- <2:N-

. ) create new bisectors along the
Wave reaching hole's west edge edge log(N+K) K
East . . Remove bisectors related to edges; _
Edge End support's processing create new from east vertices log(N+K) =N
. Intersection of real Remove bisectors; create a new <2'N+
Spike bisectors one log(N+K) 2:K
. Remove bisectors; create a new
Turn Intersection 9f a real and real bisector by slab's horizontal log(N+K) <2
a turn bisectors edge

Virtual Intersection with a virtual Remove bisectors; recreate both log(N+K) <2'N+
Spike hisector bisectors on needed shadow levels 9 2:K
Inward Intersection of an inward Remove bisectors; create a real
Snike bisector and its hole's and an additional bisectors from log(N+K) <4-K

p vertex vertex

Then the worst time complexity of the complete proposed algorithm
is the time complexity of the fixation events O((K*N?+K>-N+K*)-log(N+K)),
where N is the count of supports, K is the count of holes.

The proposed events cover most of the holes processing cases. The
proposed shadow structure maintains holes in the EP&DTL algorithm
without violating its integrity. The time consumption of the algorithm
highly depends on the shadow hierarchy in the diagram and its
concatenation and mutual relations. Therefore, the time complexity, which
determines the practical applicability of the proposed algorithm will be
analyzed in the computational experiment.

546 WNudopmarnka u aBromarusamus. 2026. Tom 25 Ne 2. ISSN 2713-3192 (meu.)

ISSN 2713-3206 (omnnaiin) www.ia.spcras.ru



MATHEMATICAL MODELING AND APPLIED MATHEMATICS

5. Computational Experiments. This section examines the time
consumption of the proposed algorithm. Additionally, the last subsection
contains a preliminary analysis of the correlation estimation between some
heuristic parameters of the obtained Voronoi cells and evaluated
deformation values and a discussion of the current limitations.

5.1. Time consumption experiment. The first experiment tests
generated plans, grouped by the count of supports, for time consumption.
Every group consists of 1000 generated plans. Table 5 describes the settings
of the plans generator. The dimensions of supports and holes are selected to
have a linear dependency on the count of supports and the slab area. The
difference between maximum dimensions of holes correlates with the ratio
of the potential maximum sum of areas of holes to the slab area. Algorithm
15 describes the generating process following the geometric assumptions.

Support dimensions depend on their direction, while the width is
constant. Tests use C# .NET Framework 4.8 in Release mode and run on an
Intel(R) Core(TM) i7-12650H @ 2.30GHz with 16 GB of RAM.

The experiment compares execution time for generated plans with
different count of holes: 0%, 8%, 20%, 32%, 44% and 56% of the number
of supports. The proposed algorithm involves the EP&DTL algorithm from
[20] as a reimplementation in C#. Additionally, the experiment compares
time consumption with the previous algorithm used for deformation
comparative analysis, namely, span determination algorithm [12].

Table 5. Setting parameters for generating support-hole plans (in m)

Count of Slab Dimensions of supports Dimensions of holes
supports | dimensions Width mT Max Min Max MH by sets with K as % of N
N LxW length MT mH 8% 20% | 32% | 44% | 56%
25 20x20 0.25 5 1 9 5 35 3 2.25
50 30x30 0.25 5.75 1 9.5 55 4 35 2.75
75 40%40 0.25 6.5 1 10 6 4.5 4 3.25
100 50x50 0.25 7.25 1 105 6.5 5 45 3.75
125 60x60 0.25 8 1 11 7 55 5 4.25
150 70x70 0.25 8.75 1 115 7.5 6 55 4.75
175 80x%80 0.25 9.5 1 12 8 6.5 6 5.25
200 90x90 0.25 10.25 1 125 8.5 7 6.5 5.75

Input Slab, N, K, (MT, mT) — support dimensions, (MH, mH) — hole dimensions, Rect «— {&}
1. while |Rect| < N do > supports generating

2 set dnew € [mT, MT] by random with step mT, set frew € {0, 1} by random

3. set (lnew, Wnew) as (dnew, m7) if few = 0 OF (/new, Wnew) as (mT, dnew) otherwise

4, set Xnew € [0, L — hew] @and ynew € [0, W — whew] by random with step TW

5 Thew <— <(Xnew, Ynew), (hew, Wnew)>, T* «<— {Tnew} > new generated rectangle

6 check if any support from Rect contains Trew or is contained by Trew then Continue
7 while3Tie Rect, AT e T TinT'#Jand ATV =TinT: Tt e T;, T" € T) do
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8. split Ti by T'into set Ti*, remove Tifrom Rect, add rectangles from Ti* to Rect
9. split T' by T; without intersection Ti ~ T"into set of rectangles T
10. remove T'from T*, add all rectangles from T** to T*

11. add every rectangle of T* to Rect as supports

12. remove a random support from Rect until |Rect| > N

13. while |Rect] <N + K do > holes generating
14, set hote € [mH, MH] and whole € [mH, MH] by random with step TW

15. set Xnole € [0, L — hote] and yhote € [0, W — whote] by random with step TW

16. Holenew «— <(Xnole, Yhole), (hote, Whole)> > new generated rectangle
17. check if any rectangle from Rect intersects with Holenew then Continue
18. return Rect > set of supports and holes following geometric assumptions

Algorithm 15. Generator of experimental support plans with holes

The used version of the proposed algorithm does not consider the
alignment problem mentioned in Section 3.2. The Voronoi diagrams built in
the experiment violate the uniqueness restriction from Figure 1 of supports
with west alignment. The approach of flipping the abscissa around the slab
center is impractical due to the time consumptions and limitations.

The experiment runs each test three times per plan. Table 6 shows the
average time and standard deviation for EP&DTL without holes, the
proposed Voronoi diagram algorithm, and span determination algorithm
from previous research [12] with minimum span area ming = 2 m?. Table 7
shows the ratio between average times for algorithms ("+" Voronoi faster,
""" Span faster). Table 8 shows the peak memory usage.

For 25 supports the proposed algorithm executes from 1.06 times
faster without holes to 1.75 times slower with 56% holes than the span
algorithm. For 50 supports the proposed algorithm executes from 1.04 times
faster (for plans with 32% holes) to 2.36 times faster (for plans without
holes) than the span algorithm, but to 1.07 times slower for plans with more
holes. The proposed algorithm executes from 1.33 times faster
(for 75 supports with 56% holes) to 15.17 times faster (for 200 supports
without holes) than the span algorithm. The standard deviation of the time
consumptions for the proposed algorithm is lower than for the span
algorithm for every case. Holes accelerate the span algorithm to some
extent, because the number of the decomposition is decreasing; holes slow
down the Voronoi diagram algorithm as they create a more complex
shadow structure. The memory usage has a near linear dependency on the
number of supports and holes.
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Table 6. Average time (in ms) and standard deviation of time consumptions

N 25 50 75 100
K \oronoi Span \oronoi Span \oronoi Span \oronoi Span
0% 3.35 3.54 7.32 17.3 11.9 47.1 16.4 96.7
.0002 .0010 .0003 .0037 .0004 .0086 .0005 .0164
8% 4.62 3.68 10.5 16.4 175 41.7 24.6 83.5
.0004 .0011 .0008 .0036 .0009 .0073 .0023 .0137
20% 6.33 4.33 15.36 17.6 23.7 44.4 35.0 85.1
.0005 .0012 .0009 .0035 .0016 .0073 .0024 .0121
32% 8.05 5.27 194 20.3 32.0 50.1 45.1 96.7
.0005 .0014 .0011 .0037 .0022 .0072 .0031 .0123
14% 9.63 6.04 23.9 22.5 40.2 53.9 56.3 103
.0007 .0014 .0014 .0039 .0027 .0074 .0034 .0125
56% 12.91 7.38 29.1 27.2 47.6 63.3 69.0 118
.0008 .0016 .0020 .0045 .0033 .0084 .0045 .0134
N 125 150 175 200
K \Voronoi Span \Voronoi Span Voronoi Span \Voronoi Span
0% 20.8 169 26.5 267 31.1 400 37.2 565
.0007 .0263 .0008 .0409 0.0008 .0617 .0009 .0812
8% 334 143 40.9 225 49.5 330 58.2 474
.0026 .0224 .0032 .0330 .0034 .0495 .0039 .0702
20% 45.5 149 55.9 229 69.3 337 80.7 480
.0031 .0205 .0034 .0302 .0042 .0438 .0047 .0617
320% 59.7 165 73.2 256 88.6 371 101 524
.0033 .0209 0.0037 .0309 .0055 .0462 .0062 .0607
14% 73.8 173 90.7 263 106 401 123 552
.0042 .0193 .0047 .0283 .0063 .0499 .0066 .0560
56% 88.3 197 106 300 126 448 147 616
.0054 .0211 .0058 .0310 .0069 .0467 .0072 .0558

Table 7. Average time ratio comparison of the VVoronoi and S

pan algorithms

25 50 75 100 125 150 175 200
0% +1.06 +2.36 +3.97 +5.88 +814 | +10.1 +12.8 +15.2
8% —1.26 +1.56 +2.38 +3.39 +4.29 +5.49 +6.66 +8.15
20% —1.46 +1.15 +1.87 +2.43 +3.27 +4.11 +4.86 +5.94
32% -1.53 +1.04 +1.57 +2.14 +2.77 +3.50 +4.19 +5.18
44% ~1.59 ~1.06 +1.34 +1.83 +234 | +2.90 +3.79 +4.50
56% -1.75 —1.07 +1.33 +1.71 +2.23 +2.83 +3.56 +4.20
Table 8. Peak memory usage of the proposed algorithm for every set (in MB)
25 50 75 100 125 150 175 200
0% 1,88 3,71 5,60 7,53 9,55 11,61 13,67 15,64
8% 2,49 4,71 7,26 9,60 12,24 14,82 17,33 20,02
20% 3,39 6,48 9,40 12,92 16,49 19,37 22,81 26,55
32% 392 7,88 12,07 15,98 20,35 24,41 28,65 33,05
44% 4,83 9,46 14,21 19,45 24,08 29,16 34,50 39,18
56% 5,57 11,13 16,64 22,50 28,31 34,43 39,88 46,09

The proposed algorithm can accelerate the comparative deformation
process for a larger number of elements, while for the plans with fewer
supports and more holes the span determination algorithm executes faster.
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Figure 11 illustrates statistical values of the time consumption for the
proposed algorithm. The gap of time consumption increases when the
number of elements increases. The proposed holes processing always
executes slower on average in comparison to without holes, even for the
best case with holes and the worst case without them, except for the pair 25-
0% and 25-8%. But the paired t-test for cases with and without holes
showed that the difference in time execution cannot be explained only by
the count of holes. Therefore, to understand the nature of the complexity
brought by holes processing, several additional tests have taken place.

Figure 12 shows the average percent of plan processing time spent
on event types. Spike event type also contains Blind Spike events. If some
event type does not happen during the processing of some plan, the
averaging function does not count it. Figure 13 shows the average time
spent on one event processing. The plots do not show Inner Wave and Turn
events, because they have small time consumptions: the Inner Wave event
accounts for 0.96% and 0.024 ms, the Turn event accounts for 0.10% and
0.02 ms on average across all plans.

: |
180 | Time (ms) W 0% B8% H20% E32% M44% B S6% |

160

140

120 ¥

100 /r;/
80 i T

40 =2 T =

e e
20 g P.g./
0 [ Count of supports

25 50 75 100 125 150 175 200
Fig. 11. Box plots for time consumption of the EP&DTL and proposed algorithms

e ANy

The most time-consuming event by the average ratio to the whole
process time is the West Edge event, taking from 25% to 50% of execution
time. As the hole ratio grows, the ratio of hole events increases: from 17% for
8% plans to 52% for 56% plans. The most time-consuming hole event is the
Begin Hole event. The average percentage of execution time for each event
type does not vary by more than 1% with respect to the number of supports.
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The average time for one execution of any type of event increases
when the number of supports or holes increases. Among the average single
execution times, the most time-consuming is the Begin Hole event. Four
more events execute on average longer than 0.07 ms: West Edge, End Hole,
East Corner and Outside Spike events. But East Corner and Outside Spike
events take on average less than 4% and 3% of general time for any group.
Therefore, let us focus on the research of the Begin Hole, West Edge and
End Hole events for the further algorithm acceleration.

Figure 14 shows the average time spent on one function processing.
Symbol "*" indicates the complex functions that include other simple
functions. Function "Insert node" refers to the node insertion
Insertype(T, 4v); function "Insert shadow" refers to the shadow insertion
Insert(T, pvy, Bv,); function "Fixate between" refers to the full execution of
Algorithm 6. Functions with negligible execution times are not shown in the
plot; the average single execution times for them across all plans are:
Relocate is 0.0012 ms; Voronoi from Algorithm 2 is 0.0027 ms; Inserting a
new event into Q is 0.0021 ms; Front is 0.0003 ms.
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Fig. 12. Plots for processing rate of events; abscissa axis — count of supports;

ordinate axis — average percent of processing time; series — ratio of holes number
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Fig. 14. Plots for time consumption of functions; abscissa axis — count of supports;
ordinate axis — average time of single execution in ms; series — ratio of holes number

The most time-consuming function on average is the Fixate between
from Algorithm 6. Function Swap executes slower for the 8% hole set for
almost every number of supports. For other cases Fixate executes slower
and has a clear correlation between the execution time and the number of
elements, supports and holes; other functions do not have such an obvious
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dependency. For all functions time consumption grows with the number of
holes increasing, except Remove. Time consumption of Remove function
on average decreases when the number of holes increases. This behavior is
caused by the shadow structure: the number of simple removes from small
shadow trees increases compared to removes from a single big tree.

Figure 15 shows the percentage of the time spent on operations in the
execution of West Edge, Begin Hole and End Hole events. Operation
"Voronoi" refers to the Algorithm 2, operation "Insert event" refers to
inserting a new event into Q.

The most time-consuming operation in big events is Insert. Insert
and Remove operations spend around 40% of West Edge, 45% of Begin
Hole and 70% of End Hole events. The percentage of the Remove operation
increases when the number of elements increases. For the Begin Hole and
End Hole events the percentage of the Insert operation increases when the
number of holes increases. For the West Edge event, the percentage of the
Insert operation increases when the number of supports increases and the
number of holes decreases, because not every shadow during fixation of the
wavefront produces new nodes.

Though Insert and Remove operations account for most of the
execution time in big events, they do not have much optimization potential,
as they are already well-optimized operations of a standard AVL-tree.

Between and Relocate operations do not account for much execution
time of big events. The Intersect operation in West Edge and Begin Hole
events does not seem to be optimizable, as it uses a common mechanism of
the AVL tree and may become less time-consuming only with another
structure of the shadows. The Voronoi operation from Algorithm 2 accounts
for 15% of West Edge event time, but it has a low average execution time of
0.0027 ms. The insertion of a new event into @ accounts for around 5% of
West Edge, 17% of Begin Hole and 25% of End Hole events, though the
average time of a single operation is very low (around 0.0021 ms). The
main reason is the insertion of new events for reinserted nodes from the
between sets during Begin Hole and End Hole events (steps 6, 12, 19, 20
in Algorithm 7; step 9 in Algorithm 8). Then a possible optimization can
lie in searching for new events only for the first and last nodes in these
sets, reassigning the existing events for every other node.

Besides, the experimental program implements the priority queue Q
as a list with insertion complexity O(N), N is the number of events in Q,
and extraction complexity O(1). The binary heap implementation with
insertion and extraction complexity O(logN) can optimize this operation.

Thus, the main optimization to decrease the time consumption of
the proposed algorithm lies in a better implementation of the event

Informatics and Automation. 2026. Vol. 25 No. 2. ISSN 2713-3192 (print) 553
ISSN 2713-3206 (online) www.ia.spcras.ru



MATEMATHUYECKOE MOJEJIMPOBAHUE U ITPUKJIATHA L MATEMATHKA

creation operation, especially during the processing of the between sets.
Other optimizations can lie in restructuring the shadow trees.

The experiment showed that the proposed algorithm is faster than
the previous span determination algorithm for plans with more supports
and fewer holes: 1.06 times faster for plans with 25 supports without holes
and 1.75 times slower with 14 holes (56% of supports); 2.36 times faster
with 50 supports without holes and 1.07 times slower with 28 holes; with
75 supports or more, the algorithm is from 1.33 times faster (for 75
supports and 42 holes) to 15.2 times faster (for 200 supports without
holes). Thus, the proposed algorithm extends the scope of the deformation
comparative analysis for plans with a large number of supports.
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Fig. 15. Functions percentages in processing of the biggest events
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5.2. Correlation analysis preliminary experiment. This section
describes a preliminary test of the Voronoi diagram usage for deformation
analysis. The experiment estimates correlations between the Voronoi cells
and deformation, evaluated by the finite element (FE) method, in the slab.
The aim of the experiment is to give a first check of the algorithm in the
deformation comparative analysis and set a direction for future research.

Table 9 describes the sets of deformation metrics, which were
chosen for the preliminary correlation analysis, Voronoi parameters and
simple parameters of the supports for comparison.

Table 9. Voronoi cells parameters, simple support parameters and deformation
metrics for preliminary correlation analysis

Deformation metrics

MXx The average value of the bending moment perpendicular to the X axis
My The average value of the bending moment perpendicular to the Y axis

z The difference between extreme vertical deflections of vertices
Reinf The amount of reinforcement needed in every finite element

\Voronoi parameters
Area Area of the Voronoi cell
P Perimeter of the Voronoi cell

CD Distance between center of the Voronoi cell and center of the support
MD Maximum distance between the support and edges of the VVoronoi cell
AD Average distance between the support and edges of the Voronoi cell

LX The maximum difference in vertices abscissa of the VVoronoi cell

LY The maximum difference in vertices ordinate of the VVoronoi cell

Simple support parameters

SL Length of the support

SDE Distance from the support edge to the edge of the slab

SDS Distance to the closest support

SDH Distance to the closest hole

SLS Density of supports in the local area around the support (relatively to local area)
SLH Density of holes in the local area around the support (relatively to local area)

To handle the alignment problem mentioned in Section 3.2, the
experiment applies the approach of flipping the abscissa approach with
some secondary processing mechanisms. The following modifications
define the approach:

1) To process simultaneous West Edge and East Corner events, we
use a Fixation event instead; instead of the original events, we create
Fixation events; each Fixation event has a flag indicating the original event
type and executes as the original would; Fixation events have the same
order position among events between East Corner and Begin Hole events;

2) The approach builds the VVoronoi diagram twice: first with the
abscissa of the elements flipped about the slab center, second with the
original abscissa; after the second diagram is built, cells get edges from the
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flipped copy, that do not appear in the original diagram; this yields the
correct Voronoi edges according to the uniqueness rule from Section 3.2 for
aligned supports;

3) A Fixation event does not produce Voronoi edges between
nodes during Fixate operations (Algorithm 6: steps 12, 13 and 27) for
aligned supports; thus, both diagrams do not have incorrect edges;

4)  Every Voronoi edge should have the maximum possible length,
meaning both original and flipped diagrams have only necessary vertices;

5) If there are supports with east alignment that have a Voronoi
edge with supports that have west alignment on the east side of their cells,
then disjoint vertices appear; each of them should be matched with the
closest pair among other disjoint vertices in the cell with the same abscissa;

6) The Fixation operation can create bisectors with incorrect
assignment of the owner for aligned supports in the processing of inner
shadows (Fig. 7c, Algorithm 6: steps 24 and 25, T;); therefore, there should
be a check operation that will give the correct owner for these assignments
in the case of support alignment during fixation; it can be done by creating
polygonal zones for every valid Fixation event, such as Zone = <{ps, p», ...,
Pz} Tzone™ by set of points, NZ is the count of points in the polygon, and
the support Tzone € T.

Algorithm 16 describes an operation to find zones of assignment
before the first simultaneous Fixation event.

To clip a new zone by a simple convex polygon, the Sutherland—
Hodgman algorithm can be used. To clip the previous zones by the new
one, the new zone can be split into convex parts. During the fixation
operation we need to find a zone that contains the beginning point for every
new bisector (Algorithm 6: steps 25, 32 and 34), for example by the ray
casting algorithm, and set the corresponding support as an owner in the
Create function for it. Then the described approach will give the correct
ownership for every created bisector, even for simultaneous Fixation events
inside the inner shadows.

The flipping abscissa approach handles the alignment problem, but is
time-consuming and should be used only for experimental purposes. A
more convenient and practical approach is a subject of future research.

The FE mesh is overlaid onto the Voronoi diagram. If some finite
element or vertex of the mesh lies inside several Voronoi cells, we apply
decision rules. For vertices:

o find the Voronoi cell with the closest support to the vertex;

e if there are several such cells, then find the VVoronoi cell with the
closest centroid to the vertex;

e if there are several such cells, then the vertex is ignored.
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For finite elements:

e find the Voronoi cell that contains the most vertices of the finite
element;

e if there are several such cells, then find the Voronoi cell with the
closest centroid to the center of the finite element;

e ifthere are several such cells, then the finite element is ignored.

Input T # &, g = Q.pop(), £ = Priority(q), type(q) = Fixation

1. Q%im<—{q' € Q| Priority(q') = L, type(q') = Fixation} > simultaneous fixation events
2. order Q*sim by ascending y, then by descending x

3. Holes* — {Holex € Holes | xx < L} > holes on the left of sweep line
4. order Holes* by descending x, then by ascending y

5. Qust=(, Zones «— {} > polygonal zones of assignment
6. for gnew € Q*sim do

7. set Tnew as support of gnew event, set ynew as ordinate of Tnew, Set Wiew as width of Thew
8. set Zonetast as Zones.Last() if Zones # &

9. if gnew is West Edge Fixation then

10. Zonenew «— <{(0, YNew + WNew L), (L, YNew + WNew), (L, }/New), (0, YNew — L)}, Thew>
11. if qLast = & and qLast is West Edge Fixation and ZoneLast N Zonenew = & then
12. B> find the rightest point of zones intersection

13. set Pinter € ZONELast ™ Zonenew: AP’ € Z0NeLast ™ ZONENew, P' # Pinter, X' > Xinter
14, Cutnew < {(0, =£), (0, yinter), (L, yimter), (£, L)} D> cutting area for new zone
15. Zonenew «— Zonenew \ Cutnew > cutting zone by mid line
16. else set Holex as hole of Qnew event, set vi€ as corresponded east corner of hole

17. set (f, w) as (-1, 0) if vk is south corner or as (1, wk) otherwise

18. Zonenew «— <{Vi, (Xk, yk + W), (0, yk + w—Ffxk), (0, yk + w + f-(xk + I))}, Tew>

19. for Hole' € Holes™ do

20. check if west edge of Hole' is passed by wavefront by Inner = & then Continue
21. check if Zonenew M Hole' = & then Continue

22. VSe—(X+1y), Vi (X+]y+w) > east corners of Hole'

23. if Vs & Zonenew and v ¢ Zonenew then > zone is locked by hole
24, Cutrore < {(0,-L), (0, W+ L), (X +I, W+ L), (X + T, -L)}

25. Zonenew <— Zonenew \ Cutrore, Break

26. else if Vs € Zonenew and V" € Zonenew then > zone includes hole

27. find ¢'s and ¢ in Q*sim with East Corner flag related to v's and v'" if exist

28. remove zones from Zones created by ¢'s and ¢" if exist

29. remove ¢'¢ and ¢ from Q*sim if exist

30. else if Vs € Zonenew then

31. Zonenew «— Zonenew \{V%, (X, y), (0, ¥ + X), (0, W+ L), (X' + [, W+ L)}

32. find §'sin Q*sim with East Corner flag related to v's if exists

33. remove zone from Zones created by ¢'s, remove g's from Q*sim if exists

34. else Zonenew — Zonenew \ {v", (x', y + W), (0, ¥ - X)), (0, =L), (x' + I, -L)}

35. if 3Zone' € Zones: V" € Zone' then > need to cut by mid of hole
36. Zonenew «— Zonenew \ {(x, y' + W/2), (0, ¥ + w/2), (0, -L), (X', -L)}
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37. find g in Q*sim with East Corner flag related to v if exists

38. remove zone from Zones created by g, remove ¢'s from Q*sim if exists
39. VZone' € Zones: Zone' «— Zone'\ Zonenew

40. return Zones > assignment zones intersecting only by edges

Algorithm 16. Creation of assignment zones for inner shadows fixation

The deformations are evaluated using LIRA-FEM on a plane slab; the
mesh step is 125 mm. The slab settings: width is 250 mm; elastic modulus is
3e+006 t/m? Poison's ratio is 0.2; specific gravity is 2.502 tm® (B25). The
reinforcement setting: A500 for longitudinal reinforcement and A240 for
crosswise reinforcement. The slab is modeled by the plate finite elements.
The slab contains uniformly distributed orthogonal loads equal to 0.6255 t/m.
Supports are modeled as restraints along the axis orthogonal to the slab plane
(Z axis). The technical setup is the same as in the previous experiment.

The experiment uses 250 plans with 25 supports and with hole ratios
from 0% to 56% from the previous experiment, for a total of 1500 plans,
computing correlations for a set of the constructed Voronoi cells. Thus, the
sample size is 37500 Voronoi cells in total, with 6250 cells per hole
percentage group. The local offset for SLS and SLH simple parameters
equals 0.5 m; the local area is a rectangle with edges formed by offset from
the support edges.

Table 10 and Table 11 show paired Pearson's correlation coefficients
between Voronoi and support simple parameters and deformation metrics.
The correlation values for SDH and SLH do not include plans without
holes; therefore, their sample size is 31250 instead of 37500. To counteract
the multiple comparisons problem, the experiment applies the Bonferroni
correction with a significance level of 0.01 for 52 tests; the adjusted
significance level is approximately 0.00019. The tables include p-value and
confidence interval for coefficients using the corrected significance level.

The result of the experiment shows the existence of a correlation
between the parameters of Voronoi diagram and deformation values. The
bending moments (Mx, My) have moderate (>.3) correlation strength with
the maximum distance to Voronoi vertex parameter (MD) and weak (>.1)
with others, except the pairs LX-Average Mx and LY-Average My, that
have negligible correlation coefficients (<0.1). This effect can be explained
by the bending moment Mx acting around the x-axis; consequently, the
larger the dimension of the slab in the orthogonal direction along the y-axis,
the larger the bending moment Mx will be. The same reasoning applies to
My. The range of the vertical deflection (Z) has strong (>.5) correlation
coefficients with the area of the Voronoi cell (Area), distance between the
center of the Voronoi cell and the center of the support (CD), maximum and
average distance to Voronoi vertices from the support (MD, AD) and
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moderate correlation coefficients with others. The required reinforcement
amount (Reinf) has a strong correlation with all VVoronoi parameters, the
strongest being with Area: 0.763.

Table 10. Correlations between Voronoi parameters and deformation metrics

Average Mx Average My Max — min Z Sum Reinf
r=.195 r=.231 r=.516 r=.763
Area p =.00000 p = .00000 p = .00000 p =.00000
ClI[.176 .213] Cl [.213 .249] Cl [.502 .530] ClI [.755 .771]
r=.187 r=.211 r=.482 r=.652
P p = .00000 p = .00000 p = .00000 p = .00000
CI[.168.205] ClI[.193.229] Cl [.467 .496] Cl [.641 .663]
r=.241 r=.263 r=.581 r=.550
cD p = .00000 p = .00000 p =.00000 p =.00000
Cl [.223 .259] Cl [.245 .281] Cl [.568 .593] Cl [.537 .563]
r=.334 r=.346 r=.682 r=.717
MD p = .00000 p = .00000 p =.00000 p =.00000
ClI[.317.351] CI [.329 .363] CI [.671.692] CI [.707 .726]
r=.285 r=.305 r=.613 r=.718
AD p = .00000 p = .00000 p = .00000 p = .00000
Cl [.267 .303] Cl [.288 .323] Cl [.601 .625] CI [.708 .727]
r=.039 r=.294 r=.404 r=.565
LX p = .00000 p = .00000 p = .00000 p = .00000
C1[.020.058] Cl [.277 .312] Cl [.388 .420] Cl [.552 .578]
r=.292 r=.078 r=.435 r=.571
LY p = .00000 p = .00000 p = .00000 p =.00000
Cl[.275.310] ClI [.059 .097] Cl [.419 .450] Cl [.558 .584]
Table 11. Correlations between simple support parameters and deformation metrics
Average Mx Average My Max —min Z Sum Reinf
r=-.003 r=.002 r=.096 r=.254
SL p = 53049 p=.75768 p =.00000 p =.00000
Cl [-.022 .016] Cl [-.018 .021] Cl [.077 .115] Cl[.236.272]
r=-.021 r=-.025 r=.015 r=.010
SDE p = .00004 p = .00000 p =.00424 p =.04674
CI [-.041-.002] CI [-.044 —.006] CI [-.004 .034] CI [-.009 .030]
r=-.018 r=.015 r=.137 r=.273
SDS p = .00068 p = .00466 p =.00000 p =.00000
Cl[-.037.002] CI [-.005 .034] ClI[.118 .156] Cl [.255 .291]
r=-.031 r=-.009 r=-.061 r=-.068
SDH p = .00000 p =.11890 p =.00000 p =.00000
Cl [-.052 —.010] CI[-.030.012] Cl [-.082 —.040] CI [-.089 —.047]
r=-111 r=-101 r=-147 r=-221
SLS p = .00000 p = .00000 p =.00000 p =.00000
Cl [-.130 —.092] ClI [-.120 -.082] Cl[-.165-.128] Cl [-.239 -.203]
r=.056 r=.033 r=.098 r=.084
SLH p = .00000 p = .00000 p =.00000 p =.00000
CI[.035 .077] CI [.012 .054] CI[.077 .118] ClI [.063 .105]
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Only SLS and SLH simple support parameters have significant
correlation coefficients with each deformation metric, while the others have
some insignificant coefficients. The parameter of distance to the edge of the
slab (SDE) has only one significant but negligible coefficient with Average
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My and has insignificant coefficients with others; thus, it seems that this
parameter does not bring any important information to the analysis. The
parameters of distance to the closest hole (SDH) and the density of holes in
the local area (SLH) have significant but negligible coefficients, except of
the pair SDH-Average My, meaning these simple heuristics are not enough
to describe deformations.

The length of the support parameter (SL) has a significant weak
correlation with reinforcement needed, a significant but negligible
correlation with deflection difference, and insignificant coefficients with
other deformation metrics. The parameter of distance to the closest support
(SDS) has a significant weak correlation coefficient with the difference of Z
deflections and the needed reinforcement amount, and it has insignificant
coefficients with the average bending moments. The parameter of the
density of supports in the local area (SLS) has significant weak correlation
coefficients with all deformation metrics.

The following conclusions are made based on the correlation
analysis results:

1) Area and perimeter (P) of Voronoi cells have an obvious
correlation with deformations in the slab: the bigger VVoronoi cell leads to
bigger spans with neighboring supports, which leads to greater deformation
in the slab;

2) The distance between the center of the Voronoi cell and the
center of the support (CD) describes the imbalance of the supporting area
shape in the slab, leading to bigger bending moments and deflections;

3) The maximum and average distance to the VVoronoi cell vertices
(MD and AD) describe the length of the maximum and average span from
the support around it; the larger the span length, the greater the
deformations occur;

4) The bounding box dimensions in abscissa and ordinate of the
Voronoi cell (LX and LY) should explain the bending moments, because
the larger the extent of the supporting area, the larger the bending moments
should be; but it seems that the distance to the Voronoi vertices from the
support (MD, AD) describes deformations of the slab better;

5) Some simple parameters, such as length of the support (SL),
distance to the closest support (SDS) and density of supports in the local
area (SLS) have a significant weak correlation and can be used in deeper
analysis, but for any deformation metric all of them have less correlation
power than the VVoronoi parameters.

In general, the Voronoi diagram seems to be a useful heuristic
approach to evaluate slab deformation, because its nature reflected in the
parameters of the Voronoi cells has a significant and valuable correlation
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with the important deformation metrics. Future research will use the
proposed algorithm and the obtained results of the preliminary correlation
analysis as a starting point. Besides, the limitations of the described model,
such as the single value for dimensions and thickness of the model slab, the
single type of concrete and reinforcement tested, should be researched
further as well to confirm the applicability of the Voronoi diagram to a
wider range of floor slab and building design variations.

6. Conclusion. A new Voronoi diagram algorithm with rectangular
sites and holes inside has been proposed. The new algorithm uses the
algorithm of E. Papadopoulou and D.T. Lee [10] (EP&DTL) as the base and
can process the rectangular sites fast enough by implementing the L,
distance metric and straightforward sweep line events. Therefore, the
Voronoi diagram can be applied to the slab deformation analysis problem as
part of the comparative deformation analysis research, as in [19] and [20].

The modification of the EP&DTL algorithm with rectangular holes
inside the VVoronoi diagram, which correspond to the holes in the floor slab,
has been described. The new structure in the height-balanced binary tree
representing the wavefront called "shadows" restricts the intersection
operation during the sweep line algorithm. New "virtual" bisectors induced
by holes maintain "shadow" structures, while the new events corresponding
to them allow handling holes during the VVoronoi algorithm.

The computational experiment of comparing time consumption
against the previous span determination approach [19] has demonstrated
that the proposed algorithm executes from 1.33 times faster for the plans
with 75 supports and 42 holes to 15.17 times faster for the plans with 200
supports without holes. But the proposed algorithm executes slower for
smaller cases, especially with more holes, up to 1.75 times slower for 25
supports and 14 holes. The extended analysis of the time consumption for
events and functions has shown some potential optimizations.

The preliminary correlation analysis of the VVoronoi cell parameters
has shown a significant strong correlation between the reinforcement
needed and the area of the cell (correlation coefficient 0.76) and the
distance to the vertices (correlation coefficient 0.72). However, these
findings should be interpreted with caution due to the simplified
assumptions of the model, while the algorithm has a limitation in processing
support alignment. Therefore, future research will propose a solution for the
alignment problem and will use the obtained results to extend the analysis to
build a practical slab deformation heuristic evaluation using the Voronoi
diagram approach.
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B.H. 3MHOB
OBPABOTKA OTBEPCTUM B JUATPAMME BOPOHOI'O C
nPsSIMOYI'OJbHBIMU OCHOBAHUSIMUA J1JIA
CPABHUTEJIBHOI'O AHAJIM3A JE®OPMAIIMI B INIMTAX

3unos B.M. OGpadorka oTBepcTHii B auarpamMe BopoHoro ¢ mnpsiMoyrobHBIMH
OCHOBAHMSIMH /151 CDAaBHHTE/ILHOT0 aHA/IN3A AeopMANMii B IJIATAX.

AHHOTauus. B aHHOU craThe NPEIJIOKEH HOBBIM AJTOPUTM IHOCTPOECHHS IUarpaMmbl
BopoHoro Ha IpsIMOYTOJIbHBIX OCHOBAHHAX C OTBEPCTUSIMH. AJITOPHTM OCHOBAH Ha aIrOpHTMe
IIOCTPOEHUST AuarpaMMel BopoHOoro ¢ MeTpukoil paccrosHHs Loo, pa3paboTaHHBIM
Papadopoulou E. u Lee D.-T. Ilpemnokensl moaubukaimu mjis 0OpaOOTKH OTBEPCTHIA
B MOZENU jauarpaMMbel BopoHoro. AnroputM o0pa0aTbhiBaeT HMCKXEHUS B CTPYKType
JMarpaMMBbl, BBI3BaHHBIE OTBEPCTHSMH, CO3IaBasi CIOH OEperoBOH JIMHUHM HPH HNOCTPOCHUH
nuarpaMMbl BopoHoro, Ha3BaHHbIE TEHSIMH, H HCIOJb3Yys HOBBIM THII OHCCEKTOPOB, KOTOpHIE
He 3a1aroT pedep Ha auarpaMme BopoHOro, HO SBJIAIOTCS OCHOBOW JIA CTPYKTYpPBI CJIOEB
OeperoBoil TMHUH. ANTOPUTM 3a/laeT HOBBIE COOBITHS JUIS 3aMeTarolleil IpsMOi, coXpaHss
o0mue npuHLUIBEL 00paboTKH coriacHo 6a3oBomy anroputmy. [1o pe3yiabraTaMm cpaBHEHHS
BPEMEHU BBIIONHEHHUS C INPEAbIIYyIIUM IOIXOAOM OIpEAeNeHHs IIPOJIETOB B ILIMTE,
IIPEeIUIOKEHHBIA anropuT™ padoraer B 1.33 pasa ObicTpee i miaHa ¢ 75 omopamu u B 15.17
pa3 ObIcTpee 711 HauOOJIBIIEr0 MPOTECTHPOBAHHOIO KOJIMYECTBA OIOp, HO MENJEHHEe It
MEHBUIEro KOJM4YecTBa Omop W Oojpuiero uuciaa orBepctuil. [IpenBapurenbHbIin
KOPPEISILMOHHBI  aHalIW3  MOKa3aJl  HaJUMuhe 3HAa4MMOM  JIMHEHHOM  Koppemsuuu
¢ koshdurmentom 0.76 Mexay miomanpio sueiiku BopoHoro u TpedyeMbIM KOJIMYECTBOM
apMHPOBaHUS, a TAKXKe CHIbHYIO U YMEPEHHYIO KOPPEILSILHIO MEKAY APYyTHMHU IapaMeTpaMu
S9eKN M MeTpuKaMu aedopManuii. B 3akmioueHny yka3aHBI TEKyIIHe OrpaHHYCHUS MOJETN
U aIrOpPUTMA, KOTOpbIe OyIyT UCCIeJOBAHBI B JaIbHEHIIIEM.

KioueBble cioBa: amarpamvma BopoHoro, cpaBHuTeNbHast OleHKa aedopMarui,
panvoHaIbHOE pa3MeIleHNe OIop, KOPPEIIIHOHHAsT MOJIeNIb, ONTHMH3AIUS MIPOSKTUPOBAHS
3[aHHUI.
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