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ÏÎÐßÄÊÀ

Ìàêàðîâ À. À. Àëãîðèòìû âýéâëåòíîãî óòî÷íåíèÿ ïðîñòðàíñòâ ñïëàé-

íîâ ïåðâîãî ïîðÿäêà.

Àííîòàöèÿ. Â äàííîé ðàáîòå äëÿ íåïðåðûâíûõ ñïëàéíîâ ïåðâîãî ïîðÿäêà
ëàãðàíæåâà òèïà ïîñòðîåíî âýéâëåòíîå ðàçëîæåíèå (óòî÷íåíèå) íà íåðàâíî-
ìåðíîé ñåòêå è ñîîòâåòñòâóþùèå àëãîðèòìû äåêîìïîçèöèè è ðåêîíñòðóêöèè â
ñëó÷àÿõ áåñêîíå÷íîãî ïîòîêà (ñ ñåòêîé íà îòêðûòîì èíòåðâàëå) è êîíå÷íîãî
ïîòîêà (ñ ñåòêîé íà îòðåçêå).
Êëþ÷åâûå ñëîâà: ñïëàéí, âýéâëåò, âåéâëåò, âñïëåñê, ìàòðèöà ðåêîíñòðóê-
öèè, ìàòðèöà äåêîìïîçèöèè, óòî÷íÿþùèå ñõåìû.

Makarov A. A. A wavelet re�nement algorithms of the �rst order spline

spaces.

Abstract. The goal of this paper is to obtain a wavelet decomposition (wavelet
re�nement) of the chain of embedded spaces of splines for an arbitrary re�nement of
a nonuniform grid, and to derive the corresponding decomposition and reconstruction
formulas, to construct wavelet decompositions and decomposition and reconstruc-
tion algorithms in the case of an in�nite �ow for a grid on an open interval and a
�nite �ow for a grid on a segment.
Keywords: spline, wavelet, spline wavelet decomposition, reconstruction matrix,
decomposition matrix, subdivision scheme.

1. Ââåäåíèå. Cïëàéíû è âýéâëåòû (âñïëåñêè) íàøëè øèðîêîå
ïðèìåíåíèå â òåîðèè èíôîðìàöèè. Âýéâëåòíûå ðàçëîæåíèÿ ñâÿ-
çàíû ñ ñîñòàâëåíèåì ýôôåêòèâíûõ àëãîðèòìîâ îáðàáîòêè (ñæà-
òèÿ èëè óòî÷íåíèÿ) áîëüøèõ ïîòîêîâ èíôîðìàöèè. Åñëè óäàåòñÿ
óñòàíîâèòü âëîæåííîñòü ïðîñòðàíñòâ ñïëàéíîâ íà ïîñëåäîâàòåëü-
íîñòè óêðóïíÿþùèõñÿ/èçìåëü÷àþùèõñÿ ñåòîê è ïðåäñòàâèòü öå-
ïî÷êó âëîæåííûõ ïðîñòðàíñòâ â âèäå ïðÿìîé ñóììû âýéâëåòíûõ
ïðîñòðàíñòâ, à òàêæå ðåàëèçîâàòü áàçèñíûå ôóíêöèè ñ ìèíèìàëü-
íîé äëèíîé íîñèòåëÿ, òî ýòî âåäåò ê âýéâëåòíîìó ðàçëîæåíèþ ïî-
òîêà èíôîðìàöèè è ñóùåñòâåííî ýêîíîìèò ðåñóðñû âû÷èñëèòåëü-
íûõ ñèñòåì. Õîðîøî èçâåñòíû âýéâëåòíûå ðàçëîæåíèÿ â ñëó÷àå
ðàâíîìåðíîé ñåòêè íà èíòåðâàëå (α, β) = R1. Â ýòîì ñëó÷àå ïðèìå-
íÿåòñÿ ìîùíûé àïïàðàò ãàðìîíè÷åñêîãî àíàëèçà [1] (â ïðîñòðàí-
ñòâå ôóíêöèé L2(R1) è â ïðîñòðàíñòâå ïîñëåäîâàòåëüíîñòåé l2),
èñïîëüçóåòñÿ ëèôòèíãîâàÿ ñõåìà [2] èëè âýéâëåòíàÿ ñõåìà [3].
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Ìíîãèå ïðàêòè÷åñêèå ïðèëîæåíèÿ òðåáóþò ðàññìàòðèâàòü îãðà-
íè÷åííûé èíòåðâàë (α, β) ⊂ R1 è íåðàâíîìåðíóþ ñåòêó. Íàïðèìåð,
äëÿ ýôôåêòèâíîé îáðàáîòêè íåîäíîðîäíûõ ïîòîêîâ èíôîðìàöèè
(èìåþùèõ ñèíãóëÿðíîñòè èëè áûñòðî ìåíÿþùèåñÿ õàðàêòåðèñòè-
êè) öåëåñîîáðàçíî èñïîëüçîâàòü àäàïòèâíóþ íåðàâíîìåðíóþ ñåòêó,
ó÷èòûâàþùóþ îñîáåííîñòè îáðàáàòûâàåìîãî ïîòîêà. Ýòî ïîçâîëÿ-
åò óëó÷øèòü ïðèáëèæåíèå ôóíêöèé áåç óñëîæíåíèÿ âû÷èñëåíèé.
Ïîëó÷åííûå ðàíåå ðåçóëüòàòû îòíîñèëèñü ê ñëó÷àÿì ñïëàéíîâ íà
áåñêîíå÷íîé ñåòêå (ñì. [4�7]). Áåñêîíå÷íîñòü ðàññìàòðèâàåìîé ñåò-
êè è ñîîòâåòñòâóþùåãî ÷èñëîâîãî ïîòîêà îáëåã÷àþò òåîðåòè÷åñêèå
èññëåäîâàíèÿ; îäíàêî, íà ïðàêòèêå, ïðèõîäèòñÿ èìåòü äåëî ñ êîíå÷-
íûìè ïîòîêàìè. Äàííàÿ ðàáîòà ïðîäîëæàåò èññëåäîâàíèÿ â êîíå÷-
íîìåðíûõ ïðîñòðàíñòâàõ, íà÷àòûå â [8�12].

Öåëü äàííîé ðàáîòû � ïîñòðîèòü âýéâëåòíîå ðàçëîæåíèå (óòî÷-
íåíèå) íà íåðàâíîìåðíîé ñåòêå è ñîîòâåòñòâóþùèå àëãîðèòìû äå-
êîìïîçèöèè è ðåêîíñòðóêöèè â ñëó÷àÿõ áåñêîíå÷íîãî ïîòîêà (ñ
ñåòêîé íà îòêðûòîì èíòåðâàëå) è êîíå÷íîãî ïîòîêà (ñ ñåòêîé íà
îòðåçêå) äëÿ ïðîñòðàíñòâ ñïëàéíîâ ïåðâîãî ïîðÿäêà ëàãðàíæåâà
òèïà.

Ðàáîòà ñîäåðæèò òðè ïàðàãðàôà. Â ïåðâîì ïàðàãðàôå ïðåäëà-
ãàåìîé ðàáîòû ââîäÿòñÿ íåîáõîäèìûå ïðåäâàðèòåëüíûå îáîçíà÷å-
íèÿ è, äëÿ óäîáñòâà ÷èòàòåëÿ, ôîðìóëèðóþòñÿ íåêîòîðûå óòâåð-
æäåíèÿ èç ðàáîòû [11]. Âòîðîé ïàðàãðàô ïîñâÿùåí âýéâëåòíîìó
óòî÷íåíèþ íà îòêðûòîì èíòåðâàëå è ñîäåðæèò àëãîðèòìû äåêîì-
ïîçèöèè è ðåêîíñòðóêöèè äëÿ áåñêîíå÷íîé ñåòêè (áåñêîíå÷íîìåð-
íûé ñëó÷àé). Â òðåòüåì ïàðàãðàôå ðàññìàòðèâàåòñÿ âýéâëåòíîå
óòî÷íåíèå íà îòðåçêå è ïðèâîäÿòñÿ àëãîðèòìû äåêîìïîçèöèè è ðå-
êîíñòðóêöèè â êîíå÷íîìåðíîì ñëó÷àå.

2. Ïðåäâàðèòåëüíûå îáîçíà÷åíèÿ è íåêîòîðûå óòâåð-

æäåíèÿ.Íà èíòåðâàëå (α, β) ⊂ R1 ðàññìîòðèì ñåòêóX
def
= {xj}j∈Z,

X : . . . < x−1 < x0 < x1 < . . . , (1)

ãäå α
def
= lim

j→−∞
xj , β

def
= lim

j→+∞
xj (ñëó÷àè α = −∞, β = +∞ íå

èñêëþ÷àþòñÿ).

Ââåäåì îáîçíà÷åíèÿ M
def
= ∪j∈Z(xj , xj+1), Sj

def
= [xj , xj+m+1],

Jk
def
= {k −m, k −m+ 1, . . . , k}, ãäå k, j ∈ Z,m ∈ N.
Áóäåì ðàññìàòðèâàòü êëàññ ñåòîê âèäà (1) ñî ñâîéñòâîì ëîêàëü-
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íîé êâàçèðàâíîìåðíîñòè (ïîäðîáíåå î òàêèõ ñåòêàõ ñì. [13])

K−10 6
xj+1 − xj
xj − xj−1

6 K0 ∀j ∈ Z,K0 > 1, K0 ∈ R1.

Ïóñòü X(M) � ëèíåéíîå ïðîñòðàíñòâî âåùåñòâåííîçíà÷íûõ ôóíê-
öèé, çàäàííûõ íà ìíîæåñòâå M. Ðàññìîòðèì âåêòîð-ôóíêöèþ ϕ :
(α, β) 7→ Rm+1 ñ êîìïîíåíòàìè èç X(M).

Óïîðÿäî÷åííîå ìíîæåñòâî A
def
= {aj}j∈Z âåêòîðîâ aj ∈ Rm+1

áóäåì íàçûâàòü öåïî÷êîé âåêòîðîâ. Öåïî÷êà A íàçûâàåòñÿ ïîëíîé
öåïî÷êîé âåêòîðîâ, åñëè det(aj−m,aj−m+1, . . . ,aj) 6= 0 ∀j ∈ Z.

Åñëè öåïî÷êà âåêòîðîâ {aj} ïîëíàÿ, òî èç óñëîâèé∑
j′∈Jk

aj′ ωj′(t) ≡ ϕ(t) ∀ t ∈ (xk, xk+1), ∀ k ∈ Z,

ωj(t) ≡ 0 ∀ t /∈ Sj ∩M.
(2)

îäíîçíà÷íî îïðåäåëÿþòñÿ ôóíêöèè ωj(t), t ∈ M , j ∈ Z, ïðè÷åì
suppωj(t) ⊂ Sj .

Ëèíåéíàÿ îáîëî÷êà ôóíêöèé {ωj}j∈Z íàçûâàåòñÿ ïðîñòðàí-
ñòâîì ìèíèìàëüíûõ (A,ϕ)-ñïëàéíîâ m ïîðÿäêà íà ñåòêå X è îáî-
çíà÷àåòñÿ ÷åðåç

S(X,A,ϕ) def
= {u | u =

∑
j∈Z

cj ωj ∀ cj ∈ R1}.

Óñëîâèÿ (2) íàçûâàþòñÿ àïïðîêñèìàöèîííûìè ñîîòíîøåíèÿ-
ìè, âåêòîð-ôóíêöèÿϕ íàçûâàåòñÿ ïîðîæäàþùåé äëÿ (A,ϕ)-ñïëàé-
íîâ.

Ïóñòü m = 1. Ðàññìîòðèì âåêòîð-ôóíêöèþ ϕ : (α, β) 7→ R2 ñ
êîìïîíåíòàìè èç X(M). Ðàññìîòðèì âåêòîðû dj ∈ R2, çàäàâàåìûå

òîæäåñòâîì dT
j x ≡ det(ϕj , x), x ∈ R2, j ∈ Z, è îïðåäåëèì âåêòîðû

a∗j ∈ R2 ôîðìóëîé a∗j
def
= ϕj+1. Ïðåäñòàâèì âåêòîðû a∗j è dj â

ïîêîìïîíåíòíîì âèäå

a∗j = ([ϕj+1]0, [ϕj+1]1)
T , dj = (−[ϕj ]1, [ϕj ]0)

T .

Åñëè ϕ ∈ C1(α, β), |det(ϕ,ϕ ′)(t)| > const > 0 ∀ t ∈ (α, β) è
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X ∈ X (K0, α, β), òî ωj ∈ C(α, β) è ñïðàâåäëèâû ôîðìóëû

ωj(t) =


dT
j ϕ(t)

dT
j a
∗
j

ïðè t ∈ [xj , xj+1),

dT
j+2ϕ(t)

dT
j+2a

∗
j

ïðè t ∈ [xj+1, xj+2).

(3)

Ïðîñòðàíñòâî

S(X)
def
= {u | u =

∑
j∈Z

cj ωj ∀ cj ∈ R1}

íàçûâàåòñÿ ïðîñòðàíñòâîì ìèíèìàëüíûõ Bϕ-ñïëàéíîâ ïåðâîãî
ïîðÿäêà íà ñåòêå X.

Çàìå÷àíèå 1. Ïðè ϕ(t) = (1, t)T ôóíêöèè ωj(t) ñîâïàäàþò
ñ èçâåñòíûìè ïîëèíîìèàëüíûìè B-ñïëàéíàìè ïåðâîé ñòåïåíè,
ò. å. ñ îäíîìåðíûìè ôóíêöèÿìè Êóðàíòà.

Ðàññìîòðèì êîíå÷íîìåðíûå ïðîñòðàíñòâà ñïëàéíîâ. Ââåäåì îáî-
çíà÷åíèÿ

a
def
= x0, b

def
= xn, J1,n

def
= {−1, 0, . . . , n− 1, n}.

Èç áåñêîíå÷íîé ñåòêè X âûäåëèì êîíå÷íóþ ñåòêó Xn, n ∈
N, n > 2,

Xn : x−1 < a = x0 < x1 < . . . < xn−1 < xn = b < xn+1,

èç ïîëíîé áåñêîíå÷íîé öåïî÷êè A∗ = {a∗j}j∈Z âûäåëèì êîíå÷íóþ

öåïî÷êó A∗n
def
= {a∗−1, . . . ,a∗n}.

Ñóçèì âñå ôóíêöèè ïðîñòðàíñòâà S(X) íà ìíîæåñòâî [a, b]. Ñî-
âîêóïíîñòü ýòèõ ñóæåíèé ïðåäñòàâëÿåò ñîáîé êîíå÷íîìåðíîå ëè-
íåéíîå ïðîñòðàíñòâî

S(Xn)
def
= {u | u =

∑
j∈J1,n−1

cj ωj ∀ cj ∈ R1} ⊂ C[a, b].

Ðàññìîòðèì ñëó÷àé, êîãäà èñõîäíàÿ ñåòêà X äîïîëíÿåòñÿ íî-
âûì óçëîì ξ, è íà ïîëó÷åííîé òàêèì îáðàçîì èçìåëü÷åííîé ñåòêå
X ñòðîÿòñÿ ñïëàéíû ωj(t), j ∈ Z.
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Ïóñòü ξ ∈ (xk, xk+1), à xj � óçëû âíîâü ïîëó÷åííîé ñåòêè X
def
=

{xj | j ∈ Z}:

xj
def
=


xj ïðè j 6 k,

ξ ïðè j = k + 1,
xj−1 ïðè j > k + 2.

(4)

Áóäåì íàä÷åðêèâàòü îáîçíà÷åíèÿ âñåõ ðàíåå ââåäåííûõ îáúåê-
òîâ, îïðåäåëÿåìûõ íîâîé ñåòêîéX.Ôóíêöèè ωj(t) ìîæíî îòûñêàòü
ïî ôîðìóëå (3), çàìåíèâ óçëû èñõîäíîé ñåòêè xj íà óçëû xj , j ∈ Z.

Ââåäåì áåñêîíå÷íîìåðíûå âåêòîð-ñòîëáöû, êîìïîíåíòàìè êî-
òîðûõ ÿâëÿþòñÿ ôóíêöèè ωj(t) è ωj(t), j ∈ Z:

ω(t)
def
= (. . . , ω−2(t), ω−1(t), ω0(t), ω1(t), ω2(t), . . .)

T ,

ω(t)
def
= (. . . , ω−2(t), ω−1(t), ω0(t), ω1(t), ω2(t), . . .)

T .

Òåîðåìà 1 (ñì. [11]). Äëÿ j, k ∈ Z è t ∈ (α, β) ñïðàâåäëèâû
êàëèáðîâî÷íûå ñîîòíîøåíèÿ

ω(t) = Pω(t) ⇔ ωi(t) =
∑
j∈Z

pi,j ωj(t) ∀ i ∈ Z, (5)

ãäå P � áåñêîíå÷íàÿ ìàòðèöà âèäà P
def
= (pi,j)i,j∈Z, ýëåìåíòû êî-

òîðîé çàäàþòñÿ ðàâåíñòâàìè

pi,j =


δi,j ïðè i 6 k − 2, ∀j,
δk−1,j ïðè i = k − 1, j 6= k,
δk+1,j ïðè i = k, j 6= k,
δi,j−1 ïðè i > k + 1, ∀j,

(6)

à òàêæå ôîðìóëàìè

pk−1,k =

(
d
T

k−1a
∗
k − d

T

k−1a
∗
k+1

d
T

k a
∗
k

d
T

k a
∗
k+1

)
/d

T

k−1a
∗
k−1, (7)

pk,k =
d
T

k a
∗
k

d
T

k a
∗
k+1

. (8)
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Ìàòðèöà P íàçûâàåòñÿ ìàòðèöåé èçìåëü÷àþùåé (óòî÷íÿþ-
ùåé) ðåêîíñòðóêöèè íà èíòåðâàëå (α, β).

Ðàññìîòðèì êàëèáðîâî÷íûå ñîîòíîøåíèÿ è ñîîòâåòñòâóþùèå
ìàòðèöû ðåêîíñòðóêöèè â êîíå÷íîìåðíîì ñëó÷àå, èñïîëüçóÿ ââå-
äåííûå ðàíåå ñóæåíèÿ âñåõ ôóíêöèé íà îòðåçîê [a, b].

Äëÿ k ∈ {0, 1, . . . , n−1} äîáàâèì óçåë ξ ∈ (xk, xk+1) ê ñåòêå Xn;
â ðåçóëüòàòå ïîëó÷èì èçìåëü÷åííóþ ñåòêó

Xn : x−1 < a = x0 < x1 < . . . < xn+1 = b < xn+2,

ãäå óçëû xi, i = −1, . . . , n + 2 ïî-ïðåæíåìó îïðåäåëÿþòñÿ ôîðìó-
ëàìè (4).

Ââåäåì êîíå÷íîìåðíûå âåêòîð-ôóíêöèè

ω(n)(t)
def
= (ω−1(t), ω0(t), . . . , ωn−1(t))

T ,

ω(n)(t)
def
= (ω−1(t), ω0(t), . . . , ωn(t))

T .

Ââèäó ðàâåíñòâà (5) â êîíå÷íîìåðíîì ñëó÷àå êàëèáðîâî÷íûå
ñîîòíîøåíèÿ äëÿ k ∈ {0, 1, . . . , n−1}, t ∈ [a, b] ìîãóò áûòü çàïèñàíû
â âèäå

ω(n)(t) = Pn ω(n)(t), (9)

ãäåPn � ïðÿìîóãîëüíàÿ ÷èñëîâàÿ ìàòðèöà ðàçìåðîâ (n+1)×(n+2).
Ìàòðèöà Pn íàçûâàåòñÿ ìàòðèöåé èçìåëü÷àþùåé (óòî÷íÿþùåé)
ðåêîíñòðóêöèè íà îòðåçêå [a, b].

Ðàññìîòðèì íåêîòîðîå ëèíåéíîå ïðîñòðàíñòâî U íàä ïîëåì âå-
ùåñòâåííûõ ÷èñåë è ñîïðÿæåííîå åìó ïðîñòðàíñòâî U∗ ëèíåéíûõ
ôóíêöèîíàëîâ f íàä ïðîñòðàíñòâîì U. Çíà÷åíèå ôóíêöèîíàëà f
íà ýëåìåíòå u ∈ U îáîçíà÷èì ÷åðåç 〈f, u〉.

Ðàññìîòðèì ëèíåéíûå ôóíêöèîíàëû {fj}j∈Z, çàäàííûå íà ïðîñ-
òðàíñòâå C(α, β) ôîðìóëîé

〈fj , u〉
def
= u(xj+1), u ∈ C(α, β), j ∈ Z. (10)

ßñíî, ÷òî ñèñòåìà ëèíåéíûõ ôóíêöèîíàëîâ {fj}j∈Z áèîðòîãî-
íàëüíà ñèñòåìå ôóíêöèé {ωj′}j′∈Z, ò. å.

〈fj , ωj′〉 = δj,j′ , ∀j, j′ ∈ Z, (11)

ãäå δj,j′ � ñèìâîë Êðîíåêåðà.
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Ðàññìîòðèì ñèñòåìó ôóíêöèîíàëîâ {f j}j∈Z áèîðòîãîíàëüíóþ

ñèñòåìå {ωj′}j′∈Z. Ïóñòü qj,j′
def
= 〈fj , ωj′〉 ∀j, j′ ∈ Z. Òîãäà (ñì. [11])

äëÿ j, j′, k ∈ Z ñïðàâåäëèâû ðàâåíñòâà

qj,j′ =

 δj,j′ ïðè j′ 6 k − 1,
0 ïðè j′ = k,
δj,j′−1 ïðè j′ > k + 1.

(12)

Äàëåå ðàññìîòðèì ìàòðèöó Q
def
= (qi,j)i,j∈Z, ýëåìåíòû êîòîðîé

çàäàþòñÿ ôîðìóëàìè (12). Ìàòðèöà Q íàçûâàåòñÿ ìàòðèöåé äå-
êîìïîçèöèè íà èíòåðâàëå (α, β).Ìàòðèöà Q ÿâëÿåòñÿ ëåâîé îáðàò-

íîé ê ìàòðèöå P
T
, ò. å.

QP
T
= I. (13)

Ðàññìîòðèì ïðåäñòàâëåíèå ìàòðèöû äåêîìïîçèöèè íà îòðåçêå
[a, b]. Âûäåëèì èç ìíîæåñòâà ôóíêöèîíàëîâ {fj}j∈Z êîíå÷íûé íà-
áîð èç n + 1 ôóíêöèîíàëîâ, èç ìíîæåñòâà ôóíêöèîíàëîâ {f j}j∈Z
êîíå÷íûé íàáîð èç n+ 2 ôóíêöèîíàëîâ.

Äëÿ ñèñòåì ôóíêöèîíàëîâ {fj}j∈J1,n−1
, {f i}i∈J1,n

ñïðàâåäëèâû
ðàâåíñòâà

〈fj , ωj′〉 = δj,j′ , j, j′ ∈ J1,n−1, 〈f i, ωi′〉 = δi,i′ , i, i′ ∈ J1,n,

ïðè÷åì supp fj ⊂ [a, b], supp f i ⊂ [a, b].

Ïðÿìîóãîëüíàÿ ìàòðèöà Qn
def
= (qi,j), i ∈ J1,n−1, j ∈ J1,n, ðàçìå-

ðîâ (n+ 1)× (n+ 2) íàçûâàåòñÿ ìàòðèöåé èçìåëü÷àþùåé (óòî÷-
íÿþùåé) äåêîìïîçèöèè íà îòðåçêå [a, b].

Àíàëîãè÷íî ðàâåíñòâó (13) äëÿ ìàòðèö Pn è Qn ñïðàâåäëèâû
ñîîòíîøåíèÿ

Qn P
T

n = In+1, (14)

ãäå In+1 � åäèíè÷íûå êâàäðàòíàÿ ìàòðèöà ïîðÿäêà n+ 1.
3. Ñïëàéí-âýéâëåòíîå óòî÷íåíèå íà èíòåðâàëå. Ñîãëàñíî

êàëèáðîâî÷íûì ñîîòíîøåíèÿì (5) ñïðàâåäëèâî âêëþ÷åíèå

S(X) ⊂ S(X).

Ðàññìîòðèì îïåðàòîð P ïðîåêòèðîâàíèÿ ïðîñòðàíñòâà S(X) íà
ïîäïðîñòðàíñòâî S(X), çàäàâàåìûé ôîðìóëîé

P u
def
=
∑
i

ai ωi, ai
def
= 〈fi, u〉 ∀u ∈ S(X),
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è ââåäåì îïåðàòîð Q = I − P .
ÏðîñòðàíñòâîW

def
= QS(X) íàçûâàåòñÿ ïðîñòðàíñòâîì âýéâëå-

òîâ (âñïëåñêîâ), à ïðÿìîå ðàçëîæåíèå

S(X) = S(X)uW, (15)

íàçûâàåòñÿ ñïëàéí-âýéâëåòíûì óòî÷íåíèåì ïðîñòðàíñòâà S(X).
Â ñîîòâåòñòâèè ñ ðàâåíñòâîì (15) äëÿ u ∈ S(X) èìååì

u =
∑
i

ai ωi +
∑
i′

bi′ ωi′ =
∑
i′

(∑
i

ai pi,i′ + bi′

)
ωi′ ,

òàê ÷òî äëÿ ÷èñåë cj
def
= 〈f j , u〉 ïîëó÷àåì

cj =
∑
i

ai pi,j + bj , j ∈ Z. (16)

Ïóñòü èçâåñòíû êîýôôèöèåíòû ci′ â ðàçëîæåíèè ýëåìåíòà u ∈
S(X) ïî ýëåìåíòàì áàçèñà ωi′ , à èìåííî,

u =
∑
i′

ci′ ωi′ .

Èç ñîîòíîøåíèé (16) èìååì

bj = cj −
∑
i

pi,j ai,

èñïîëüçóÿ ðàâåíñòâî ai = 〈fi, u〉, ïîëó÷àåì

bj = cj −
∑
i

pi,j 〈fi,
∑
i′

ci′ ωi′〉 =

= cj −
∑
i

pi,j
∑
i′

ci′〈fi, ωi′〉 = cj −
∑
i

pi,j
∑
i′

ci′ qi,i′ .

Ôîðìóëû

ai =
∑
i′

qi,i′ ci′ , (17)

bj = cj −
∑
i′

(∑
i

pi,j qi,i′

)
ci′ (18)
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íàçûâàþòñÿ ôîðìóëàìè äåêîìïîçèöèè.
Ââåäåì âåêòîð-ñòîëáöû

a
def
= (. . . , a−1, a0, a1, . . .)

T ,

b
def
= (. . . , b−1, b0, b1, . . .)

T ,

c
def
= (. . . , c−1, c0, c1, . . .)

T

è ïåðåïèøåì ôîðìóëû äåêîìïîçèöèè (17)�(18) â ìàòðè÷íîì âèäå

a = Q c, b = c−P
T
Q c.

Ïðèìåíÿÿ ê ïðåäûäóùåìó ðàâåíñòâó ìàòðèöó Q è èñïîëüçóÿ
ôîðìóëó (13), ïîëó÷àåì

Qb = Q c−QP
T
Q c = 0.

Èòàê, âåêòîð b ñîäåðæèòñÿ â ÿäðå îïåðàòîðà Q : b ∈ kerQ.
Ðàññìîòðèì ïðîñòðàíñòâî L âñåõ ÷èñëîâûõ ïîñëåäîâàòåëüíî-

ñòåé, ïðåäñòàâëåííûõ âåêòîð-ñòîëáöàìè, l
def
= (. . . , l−1, l0, l1, . . .)

T ,
è ëèíåéíûé îïåðàòîð, îïðåäåëÿåìûé ìàòðèöåé Q â íåì (ýòî îïðå-
äåëåíèå êîððåêòíî, èáî óïîìÿíóòàÿ ìàòðèöà èìååò êîíå÷íîå ÷èñ-
ëî íåíóëåâûõ ýëåìåíòîâ â êàæäîé ñòðîêå). ßäðî ýòîãî îïåðàòîðà
ïðåäñòàâëÿåò ñîáîé ëèíåéíîå ïðîñòðàíñòâî; îáîçíà÷èì åãî ÷åðåç

B
def
= {b | b = (. . . , b−1, b0, b1, . . .)

T , Qb = 0}, ò. å. B = kerQ, òàê
÷òî

Qb = 0 ïðè b ∈ B. (19)

Ðàññìîòðèì åùå äâà ýêçåìïëÿðà ïðîñòðàíñòâà L, îáîçíà÷àÿ èõ
÷åðåç A è C: ýëåìåíòàìè ïðîñòðàíñòâà A ÿâëÿþòñÿ âåêòîð-ñòîëáöû
a = (. . . , a−1, a0, a1, . . .)

T , à ýëåìåíòàìè ïðîñòðàíñòâà C � âåêòîð-
ñòîëáöû c = (. . . , c−1, c0, c1, . . .)

T . Ïóñòü F � ïðÿìîå ïðîèçâåäåíèå

ïðîñòðàíñòâ A è B: F
def
= A×B, ò. å.

F =

{(
a

b

) ∣∣∣∣∣ a ∈ A, b ∈ B

}
.

Ðàññìîòðèì îïåðàòîð

D : C 7→ F, D
def
=

(
Q

I −P
T
Q

)
,
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äëÿ êîòîðîãî(
a

b

)
= D c =

(
Q

I −P
T
Q

)
c ⇐⇒

{
a = Q c

b = (I −P
T
Q) c

,

ýòîò îïåðàòîð íàçûâàåòñÿ îïåðàòîðîì äåêîìïîçèöèè.

Òåîðåìà 2. Äëÿ ñïëàéí-âýéâëåòíîãî óòî÷íåíèÿ (15) ôîðìó-
ëû äåêîìïîçèöèè èìåþò âèä

ai =

{
ci ïðè i 6 k − 1,
ci+1 ïðè i > k,

(20)

bj =

{
0 ïðè j 6= k,
ck − pk−1,k ck−1 − pk,k ck+1 ïðè j = k.

(21)

Äîêàçàòåëüñòâî ïðîâîäèòñÿ àíàëîãè÷íî äîêàçàòåëüñòâó, ïðî-
âåäåííîìó â ðàáîòå [6].

Çàìå÷àíèå 2. Âýéâëåòíûì áàçèñîì ïðîñòðàíñòâà W ñëó-
æèò ñïëàéí ωk, ò. å. W = {bk ωk | bk ∈ R1}.

Ïóñòü òåïåðü èçâåñòíû êîýôôèöèåíòû ai è bk â ðàçëîæåíè-
ÿõ ïðîåêöèé ýëåìåíòà u ∈ S(X) íà ïðîñòðàíñòâà S(X) è W :
Pu =

∑
i

ai ωi, Qu = bk ωk. Íàéäåì ôîðìóëû äëÿ îïðåäåëåíèÿ

êîýôôèöèåíòîâ cj äëÿ ïðåäñòàâëåíèÿ ýëåìåíòà u â âèäå ñóììû
u =

∑
j∈Z

cj ωj ; óïîìÿíóòûå ôîðìóëû íàçûâàþòñÿ ôîðìóëàìè ðå-

êîíñòðóêöèè.

Îïåðàòîð R : F 7→ C, R
def
=
(
P

T
I
)
, äëÿ êîòîðîãî

c = R

(
a

b

)
=
(
P

T
I
)(

a

b

)
⇐⇒ c = P

T
a+ b,

íàçûâàåòñÿ îïåðàòîðîì ðåêîíñòðóêöèè.

Òåîðåìà 3. Îïåðàòîðû D è R âçàèìíî îáðàòíû; îíè ðåàëè-
çóþò ëèíåéíûé èçîìîðôèçì ïðîñòðàíñòâ C è F.

Äîêàçàòåëüñòâî. Ðàññìîòðèì ïðîèçâåäåíèå RD:

RD =
(
P

T
I
)( Q

I −P
T
Q

)
= P

T
Q+ I −P

T
Q = I.
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Ñ äðóãîé ñòîðîíû ñ ó÷åòîì ñâîéñòâ (13) è (19) èìååì

DR

(
a

b

)
=

(
Q

I −P
T
Q

)(
P

T
I
)(

a

b

)
=

=

(
QP

T
Q

P
T −P

T
QP

T
I −P

T
Q

)(
a

b

)
=

(
a+Qb

b−P
T
Qb

)
=

(
a

b

)
,

÷òî è òðåáîâàëîñü óñòàíîâèòü.

Òåîðåìà 4. Äëÿ ñïëàéí-âýéâëåòíîãî óòî÷íåíèÿ (15) ôîðìó-
ëû ðåêîíñòðóêöèè èìåþò âèä

ci =


ai ïðè i 6 k − 1,

bk + pk−1,k ak−1 + pk,k ak ïðè i = k,
ai−1 ïðè i > k + 1.

Äîêàçàòåëüñòâî ñëåäóåò íåïîñðåäñòâåííî èç ôîðìóë (20) è
(21).

4. Ñïëàéí-âýéâëåòíîå óòî÷íåíèå íà îòðåçêå. Ñîãëàñíî êà-
ëèáðîâî÷íûì ñîîòíîøåíèÿì (9) ñïðàâåäëèâî âêëþ÷åíèå

S(Xn) ⊂ S(Xn).

Ðàññìîòðèì îïåðàòîð Pn ïðîåêòèðîâàíèÿ ïðîñòðàíñòâà S(Xn)
íà ïîäïðîñòðàíñòâî S(Xn), çàäàâàåìûé ôîðìóëîé

Pn u
def
=

∑
i∈J1,n−1

ai ωi, ai
def
= 〈fi, u〉 ∀u ∈ S(Xn),

è ââåäåì îïåðàòîð Qn = I − Pn, ãäå I � òîæäåñòâåííûé â S(Xn)
îïåðàòîð.

Ïðîñòðàíñòâî Wn
def
= Qn S(Xn) íàçûâàåòñÿ ïðîñòðàíñòâîì

âýéâëåòîâ (âñïëåñêîâ), à ïðÿìîå ðàçëîæåíèå

S(Xn) = S(Xn)uWn, (22)

íàçûâàåòñÿ ñïëàéí-âýéâëåòíûì óòî÷íåíèåì ïðîñòðàíñòâà S(Xn).
Â ñîîòâåòñòâèè ñ ðàâåíñòâîì (22) äëÿ u ∈ S(Xn) èìååì

u =
∑

i∈J1,n−1

ai ωi +
∑

i′∈J1,n

bi′ ωi′ =
∑

i′∈J1,n

( ∑
i∈J1,n−1

ai pi,i′ + bi′

)
ωi′ ,
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òàê ÷òî äëÿ ÷èñåë cj
def
= 〈f j , u〉 ïîëó÷àåì

cj =
∑

i∈J1,n−1

ai pi,j + bj ∀ j ∈ J1,n. (23)

Ïóñòü èçâåñòíû êîýôôèöèåíòû ci′ â ðàçëîæåíèè ýëåìåíòà u ∈
S(Xn) ïî ýëåìåíòàì áàçèñà ωi′ , à èìåííî,

u =
∑

i′∈J1,n

ci′ ωi′ .

Èç ñîîòíîøåíèé (23) èìååì

bj = cj −
∑

i∈J1,n−1

pi,j ai ∀ j ∈ J1,n,

èñïîëüçóÿ ðàâåíñòâî ai = 〈fi, u〉, äëÿ âñåõ j ∈ J1,n ïîëó÷àåì

bj = cj −
∑

i∈J1,n−1

pi,j 〈fi,
∑

i′∈J1,n

ci′ ωi′〉 =

= cj −
∑

i∈J1,n−1

pi,j
∑

i′∈J1,n

ci′〈fi, ωi′〉 = cj −
∑

i∈J1,n−1

pi,j
∑

i′∈J1,n

ci′ qi,i′ .

Ôîðìóëû

ai =
∑

i′∈J1,n

qi,i′ ci′ ∀ i ∈ J1,n−1, (24)

bj = cj −
∑

i′∈J1,n

( ∑
i∈J1,n−1

pi,j qi,i′

)
ci′ ∀ j ∈ J1,n, (25)

íàçûâàþòñÿ ôîðìóëàìè äåêîìïîçèöèè.
Ââåäåì âåêòîð-ñòîëáöû

an
def
= (a−1, a0, . . . , an−1)

T ,

bn
def
= (b−1, b0, . . . , bn)

T ,

cn
def
= (c−1, c0, . . . , cn)

T

è ïåðåïèøåì ôîðìóëû äåêîìïîçèöèè (24)�(25) â ìàòðè÷íîì âèäå

an = Qn cn, bn = cn −P
T

n Qn cn.
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Ïðèìåíÿÿ ê ïðåäûäóùåìó ðàâåíñòâó ìàòðèöó Qn è èñïîëüçóÿ
ôîðìóëó (14), ïîëó÷àåì

Qn bn = Qn cn −Qn P
T

n Qn cn = 0.

Èòàê, âåêòîð bn ñîäåðæèòñÿ â ÿäðå îïåðàòîðà Qn : bn ∈ kerQn.

Ðàññìîòðèì ëèíåéíûé îïåðàòîð èç ïðîñòðàíñòâà Cn
def
= Ln â

ïðîñòðàíñòâî An
def
= Ln−1, îïðåäåëÿåìûé ìàòðèöåé Qn â íåì.

ßäðî ýòîãî îïåðàòîðà ïðåäñòàâëÿåò ñîáîé ëèíåéíîå ïðîñòðàíñòâî;

îáîçíà÷èì åãî ÷åðåç Bn
def
= {bn | bn = (b−1, b0, . . . , bn)

T , Qn bn =
0}, ò. å. Bn = kerQn.

Ïóñòü Fn � ïðÿìîå ïðîèçâåäåíèå ïðîñòðàíñòâ An è Bn : Fn
def
=

An ×Bn, ò. å.

Fn =

{(
an
bn

) ∣∣∣∣∣ an ∈ An, bn ∈ Bn

}
.

Ðàññìîòðèì îïåðàòîð

Dn : Cn 7→ Fn, Dn
def
=

(
Qn

I −P
T

n Qn

)
,

äëÿ êîòîðîãî(
an
bn

)
= Dn cn =

(
Qn

I −P
T

nQn

)
cn ⇐⇒

{
an = Qn cn

bn = (I −P
T

nQn) cn
,

ýòîò îïåðàòîð íàçûâàåòñÿ îïåðàòîðîì äåêîìïîçèöèè.

Òåîðåìà 5. Åñëè k ∈ {0, 1, . . . , n−1}, òî äëÿ ñïëàéí-âýéâëåòíîãî
óòî÷íåíèÿ (22) ôîðìóëû äåêîìïîçèöèè äëÿ i ∈ J1,n−1, j ∈ J1,n
èìåþò âèä

ai =

{
ci ïðè i 6 k − 1,
ci+1 ïðè i > k,

(26)

bj =

{
0 ïðè j 6= k,
ck − pk−1,k ck−1 − pk,k ck+1 ïðè j = k.

(27)

Äîêàçàòåëüñòâî ïðîâîäèòñÿ àíàëîãè÷íî äîêàçàòåëüñòâó òåî-
ðåìû 2, ïðîâåäåííîìó â êîíå÷íîìåðíîì ñëó÷àå.
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Çàìå÷àíèå 3. Âýéâëåòíûì áàçèñîì ïðîñòðàíñòâà Wn ñëó-
æèò ñïëàéí ωk, ò. å. Wn = {bk ωk | bk ∈ R1}.

Ïóñòü òåïåðü èçâåñòíû êîýôôèöèåíòû ai, i ∈ J1,n−1 è bk â ðàç-
ëîæåíèÿõ ïðîåêöèé ýëåìåíòà u ∈ S(Xn) íà ïðîñòðàíñòâà S(Xn) è
Wn: Pn u =

∑
i∈J1,n−1

ai ωi, Qn u = bk ωk. Íàéäåì ôîðìóëû äëÿ îïðå-

äåëåíèÿ êîýôôèöèåíòîâ cj äëÿ ïðåäñòàâëåíèÿ ýëåìåíòà u â âèäå
ñóììû u =

∑
j∈J1,n

cj ωj ; óïîìÿíóòûå ôîðìóëû íàçûâàþòñÿ ôîðìó-

ëàìè ðåêîíñòðóêöèè.

Îïåðàòîð Rn : Fn 7→ Cn, Rn
def
=
(
P

T

n I
)
, äëÿ êîòîðîãî

cn = Rn

(
an
bn

)
=
(
P

T

n I
)(

an
bn

)
⇐⇒ cn = P

T

nan + bn,

íàçûâàåòñÿ îïåðàòîðîì ðåêîíñòðóêöèè.

Òåîðåìà 6. Îïåðàòîðû Dn è Rn âçàèìíî îáðàòíû; îíè ðåà-
ëèçóþò ëèíåéíûé èçîìîðôèçì ïðîñòðàíñòâ Cn è Fn.

Äîêàçàòåëüñòâî ïðîâîäèòñÿ àíàëîãè÷íî äîêàçàòåëüñòâó òåî-
ðåìû 3.

Òåîðåìà 7. Åñëè k ∈ {0, 1, . . . , n−1}, i ∈ J1,n, òî äëÿ ñïëàéí-
âýéâëåòíîãî óòî÷íåíèÿ (22) ôîðìóëû ðåêîíñòðóêöèè èìåþò âèä

ci =


ai ïðè i 6 k − 1,

bk + pk−1,k ak−1 + pk,k ak ïðè i = k,
ai−1 ïðè i > k + 1.

Äîêàçàòåëüñòâî ñëåäóåò íåïîñðåäñòâåííî èç ôîðìóë (26) è
(27).
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ÐÅÔÅÐÀÒ

Ìàêàðîâ À. À.Àëãîðèòìû âýéâëåòíîãî óòî÷íåíèÿ ïðîñòðàíñòâ

ñïëàéíîâ ïåðâîãî ïîðÿäêà

Cïëàéíû è âýéâëåòû (âñïëåñêè) íàøëè øèðîêîå ïðèìåíåíèå
â òåîðèè èíôîðìàöèè. Âýéâëåòíûå ðàçëîæåíèÿ ñâÿçàíû ñ ñîñòàâ-
ëåíèåì ýôôåêòèâíûõ àëãîðèòìîâ îáðàáîòêè áîëüøèõ ïîòîêîâ èí-
ôîðìàöèè. Åñëè óäàåòñÿ óñòàíîâèòü âëîæåííîñòü ïðîñòðàíñòâ ñïëàé-
íîâ íà ïîñëåäîâàòåëüíîñòè óêðóïíÿþùèõñÿ/èçìåëü÷àþùèõñÿ ñå-
òîê è ïðåäñòàâèòü öåïî÷êó âëîæåííûõ ïðîñòðàíñòâ â âèäå ïðÿ-
ìîé ñóììû âýéâëåòíûõ ïðîñòðàíñòâ, à òàêæå ðåàëèçîâàòü áàçèñ-
íûå ôóíêöèè ñ ìèíèìàëüíîé äëèíîé íîñèòåëÿ, òî ýòî âåäåò ê âýé-
âëåòíîìó ðàçëîæåíèþ ïîòîêà èíôîðìàöèè è ñóùåñòâåííî ýêîíî-
ìèò ðåñóðñû âû÷èñëèòåëüíûõ ñèñòåì. Òàêèì îáðàçîì, èñõîäíûé
ïîòîê èíôîðìàöèè óäàåòñÿ ðàçëîæèòü íà ñîñòàâëÿþùèå òàê, ÷òî
ìîæíî âûäåëèòü îñíîâíîé è óòî÷íÿþùèé èíôîðìàöèîííûå ïîòî-
êè. Õîðîøî èçâåñòíû âýéâëåòíûå ðàçëîæåíèÿ â ñëó÷àå ðàâíîìåð-
íîé ñåòêè íà âåùåñòâåííîé îñè. Â ýòîì ñëó÷àå ïðèìåíÿåòñÿ ìîù-
íûé àïïàðàò ãàðìîíè÷åñêîãî àíàëèçà, èñïîëüçóåòñÿ ëèôòèíãîâàÿ
ñõåìà èëè âýéâëåòíàÿ ñõåìà.

Ìíîãèå ïðàêòè÷åñêèå ïðèëîæåíèÿ òðåáóþò ðàññìàòðèâàòü îãðà-
íè÷åííûé èíòåðâàë è íåðàâíîìåðíóþ ñåòêó. Íàïðèìåð, äëÿ ýôôåê-
òèâíîé îáðàáîòêè (óòî÷íåíèÿ) íåîäíîðîäíûõ ïîòîêîâ èíôîðìàöèè
(èìåþùèõ ñèíãóëÿðíîñòè èëè áûñòðî ìåíÿþùèåñÿ õàðàêòåðèñòè-
êè) öåëåñîîáðàçíî èñïîëüçîâàòü àäàïòèâíóþ íåðàâíîìåðíóþ ñåòêó,
ó÷èòûâàþùóþ îñîáåííîñòè îáðàáàòûâàåìîãî ïîòîêà. Ýòî ïîçâîëÿ-
åò óëó÷øèòü ïðèáëèæåíèå ôóíêöèé áåç óñëîæíåíèÿ âû÷èñëåíèé.
Ïîëó÷åííûå ðàíåå ðåçóëüòàòû îòíîñèëèñü ê ñëó÷àÿì ñïëàéíîâ íà
áåñêîíå÷íîé ñåòêå. Áåñêîíå÷íîñòü ðàññìàòðèâàåìîé ñåòêè è ñîîò-
âåòñòâóþùåãî ÷èñëîâîãî ïîòîêà îáëåã÷àåò òåîðåòè÷åñêèå èññëåäî-
âàíèÿ; îäíàêî, íà ïðàêòèêå, ïðèõîäèòñÿ èìåòü äåëî ñ êîíå÷íûìè
ïîòîêàìè. Äàííàÿ ðàáîòà ïðîäîëæàåò èññëåäîâàíèÿ â êîíå÷íîìåð-
íûõ ïðîñòðàíñòâàõ.

Öåëü äàííîé ðàáîòû � ïîñòðîèòü âýéâëåòíîå ðàçëîæåíèå (óòî÷-
íåíèå) íà íåðàâíîìåðíîé ñåòêå è ñîîòâåòñòâóþùèå àëãîðèòìû äå-
êîìïîçèöèè è ðåêîíñòðóêöèè â ñëó÷àÿõ áåñêîíå÷íîãî ïîòîêà (ñ ñåò-
êîé íà îòêðûòîì èíòåðâàëå) è êîíå÷íîãî ïîòîêà (ñ ñåòêîé íà îò-
ðåçêå) äëÿ ñïëàéíîâûõ ïðîñòðàíñòâ ïåðâîãî ïîðÿäêà ëàãðàíæåâà
òèïà.
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SUMMARY

Makarov A. A. A wavelet re�nement algorithms of the �rst

order spline spaces.

Splines and wavelets are widely used in information theory. Wavelet
decompositions are connected with constructing e�ective algorithms
for processing large digital information �ows. If regarded interval is
equal to real line and a grid is uniform, one can apply the powerful
tools of harmonic analysis, lifting scheme or wavelet scheme. For digital
information �ows with rapidly varying characteristics it is reasonable
to use a nonuniform grid adapted to the �ow under processing. This
allows us to improve an approximation of functions without di�cult
calculations. The situation where a grid is nonuniform and regarded
interval does not coincide with the real axis has not been studied well
since methods of harmonic analysis are not easily applicable in this
case.

The goal of this paper is to construct continuous spline of the
�rst order of Lagrange type, to prove embedding of spaces of spline
spaces for arbitrary re�nement of grids, to provide a simple realization
of the system of functionals biorthogonal to the coordinate splines,
to obtain a wavelet decomposition of the chain of embedded spaces
of splines for an arbitrary re�nement of a nonuniform grid, and to
derive the corresponding decomposition and reconstruction formulas,
to construct wavelet decompositions and decomposition and reconst-
ruction algorithms in the case of an in�nite �ow for a grid on an open
interval and a �nite �ow for a grid on a segment.

Note that obtained splines are non-polynomial generalizations of B-
splines. The splines include as a special case trigonometric, hyperbolic,
and exponential splines.
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