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ñåòè: íåëèíåéíàÿ çàäà÷à îïòèìèçàöèè â ëîêàëüíîì àïîñòåðèîðíîì

âûâîäå ïðè àòîìàðíîì ñòîõàñòè÷åñêîì ñâèäåòåëüñòâå.

Àííîòàöèÿ. Âòîðîé çàäà÷åé àïîñòåðèîðíîãî âûâîäà ÿâëÿåòñÿ ïåðåñ÷åò èìå-
þùèõñÿ îöåíîê âåðîÿòíîñòè èñòèííîñòè ïðè óñëîâèè ïîñòóïèâøåãî ñâèäåòåëü-
ñòâà. Öåëü ñòàòüè ñîñòîèò â àíàëèçå íåëèíåéíîé çàäà÷è îïòèìèçàöèè, âîçíèêà-
þùåé ïðè ïðîïàãàöèè àòîìàðíîãî ñòîõàñòè÷åñêîãî ñâèäåòåëüñòâà âî ôðàãìåí-
òå çíàíèé ñ èíòåðâàëüíûìè îöåíêàìè àëãåáðàè÷åñêîé áàéåñîâñêîé ñåòè. Ïå-
ðåõîä ê íàêðûâàþùèì îöåíêàì ãðàíèö èíòåðâàëà ïîçâîëÿåò ïðèâåñòè çàäà÷ó
íåëèíåéíîé îïòèìèçàöèè ê ñåðèè çàäà÷ êâàäðàòè÷íîãî èëè äðîáíî-ëèíåéíîãî
ïðîãðàììèðîâàíèÿ.
Êëþ÷åâûå ñëîâà: àëãåáðàè÷åñêàÿ áàéåñîâñêàÿ ñåòü, àïîñòåðèîðíûé âûâîä,
ôðàãìåíò çíàíèé.
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linear optimization problem in local posteriori inference with atomic

stochastic evidence.

Abstract. Recalculation of an existing truth probability estimates given the
probability of incoming evidence constutes the second problem of posterior
inference in algebraic Bayesian networks. We consider the analysis of non-linear
optimization problem arising from the atomic stochastic evidence propagation in
the knowledge pattern with interval estimations. Conversion to enclosing interval
boarders estimates allows one to reduce the non-linear optimization problem to
series of quadratic or hyperbolic mathematical programming problems.
Keywords: algebraic Bayesian network, posteriori inference, knowledge pattern.

1. Ââåäåíèå. Àïîñòåðèîðíûé âûâîä � ïîëó÷åíèå íîâûõ âåðî-
ÿòíîñòíûõ îöåíîê èñòèííîñòè ïî ïîñòóïèâøèì ñâèäåòåëüñòâàì �
îäèí èç êëþ÷åâûõ ïðîöåññîâ, àëãîðèòìèçàöèÿ êîòîðîãî ðàçâèâàåò-
ñÿ è èçó÷àåòñÿ â òåîðèè àëãåáðàè÷åñêèõ áàéåñîâñêèõ ñåòåé (ÀÁÑ)
[2, 5�11, 13, 15, 16, 18] . Ñ ìàòåìàòè÷åñêîé òî÷êè çðåíèÿ, àïîñòå-
ðèîðíûé âûâîä ñâîäèòñÿ ê îïðåäåëåíèþ âåðîÿòíîñòè èñòèííîñòè
ïðèõîäÿùåãî ñâèäåòåëüñòâà è ñîîòâåòñòâóþùåìó ïåðåñ÷åòó âåêòî-
ðà âåðîÿòíîñòåé êîíúþíêòîâ, ïðè÷åì îöåíêè ýòèõ âåðîÿòíîñòåé
ìîãóò áûòü êàê èíòåðâàëüíûìè, òàê è ñêàëÿðíûìè, ïðè óñëîâèè
ïîñòóïèâøåãî ñâèäåòåëüñòâà. Ñâèäåòåëüñòâà ìîãóò áûòü ðàçíîîá-
ðàçíûìè: ýêñïåðò ìîæåò ñîîáùèòü êàê è òî÷íîå çíà÷åíèå âåðîÿòíî-
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ñòè èñòèííîñòè òîé èëè èíîé àòîìàðíîé ïðîïîçèöèè, òàê è óêàçàòü
èíòåðâàë, â êîòîðîì ëåæèò å¼ çíà÷åíèå; ìîæåò âûñêàçàòü ïðåäïî-
ëîæåíèå îá îòäåëüíîé àòîìàðíîé ïðîïîçèöèè èëè î íåêîòîðîé èõ
ñîâîêóïíîñòè ñðàçó.

Â ñåðèè ïðåäøåñòâóþùèõ ðàáîò [4, 7, 10, 14, 15, 18] ðåøåíèå
çàäà÷ àïîñòåðèîðíîãî âûâîäà ñâîäèëîñü ëèáî ê ðàññ÷åòàì ïî
ìàòðè÷íî-âåêòîðíûì ôîðìóëàì, ëèáî ê ðåøåíèþ çàäà÷ ëèíåéíîãî
ïðîãðàììèðîâàíèÿ (ÇËÏ). Â ðÿäå ñëó÷àåâ ñ ïîìîùüþ ÇËÏ ìîæíî
ïîëó÷èòü ëèøü íàêðûâàþùèå îöåíêè èñêîìûõ âåëè÷èí [3], íî
âîîáùå ãîâîðÿ, â òàêèõ ñëó÷àÿõ âîçíèêàþò çàäà÷è íåëèíåéíîãî
ïðîãðàììèðîâàíèÿ.

Ïóñòü èìååòñÿ ôðàãìåíò çíàíèé àëãåáðàè÷åñêîé áàéåñîâñêîé
ñåòè ñ èíòåðâàëüíûìè îöåíêàìè èñòèííîñòè âåêòîðà âåðîÿòíîñòåé
êîíúþíêòîâ. Ïîñòóïàåò ñòîõàñòè÷åñêîå ñâèäåòåëüñòâî, òî åñòü ñâè-
äåòåëüñòâî, õàðàêòåðèçóþùååñÿ àïîñòåðèîðíîé âåðîÿòíîñòüþ ñâî-
åé èñòèííîñòè. Â ýòîì ñëó÷àå èäåÿ àïîñòåðèîðíîãî âûâîäà ñîñòîèò
â ïîèñêå îæèäàåìûõ îöåíîê, èëè, áîëåå ñòðîãî, â ïîèñêå âåðõíåé
è íèæíåé ãðàíèöû (ò.ê. îöåíêè èíòåðâàëüíûå) ìàòåìàòè÷åñêîãî
îæèäàíèÿ îöåíêè.

Öåëü ñòàòüè � ðàññìîòðåòü óêàçàííûé ñëó÷àé ïðîïàãàöèè àòî-
ìàðíîãî ñâèäåòåëüñòâà, ïîñòàíîâêó è èññëåäîâàíèå âîçíèêàþùåé
ýêñòðåìàëüíîé çàäà÷è, à òàê æå ìåòîä å¼ ïðèáëèæåííîãî ðåøåíèÿ.

2. Ïîñòàíîâêà çàäà÷è. Çàäàí ôðàãìåíò çíàíèé ÀÁÑ ñ íîñè-
òåëåì C, èìåþùèé èíòåðâàëüíûå îöåíêè èñòèííîñòè âåðîÿòíîñòåé
êîíúþíêòîâ. Ïîñòóïàåò àòîìàðíîå ñòîõàñòè÷åñêîå ñâèäåòåëüñòâî
〈pa(x̃)〉. Ðàññìîòðèì áîëåå ïîäðîáíî âòîðóþ çàäà÷ó àïîñòåðèîðíî-
ãî âûâîäà: çàäà÷ó îöåíêè óñëîâíûõ âåðîÿòíîñòåé èñòèííîñòè ýëå-
ìåíòîâ ôðàãìåíòà çíàíèé ïðè ïðåäïîëîæåíèè, ÷òî òàêîå ñâèäå-
òåëüñòâî èìååò ìåñòî áûòü.

Â èëëþñòðàòèâíûõ öåëÿõ áóäåì äàëåå ðàññìàòðèâàòü äâà ôðàã-
ìåíòà çíàíèé, ïîñòðîåííûõ íàä {x1, x2} è íàä {x1, x2, x3}, ïðè ýòîì
áóäåì ñ÷èòàòü, ÷òî ïîñòóïàåò ñâèäåòåëüñòâî 〈pa(x̃1)〉. Äëÿ óäîáñòâà
îáîçíà÷èì:

pa(x1) = p,

pa(x̄1) = 1− p = q.

Âûïèøåì â ÿâíîì âèäå âîçíèêàþùèå ýêñòðåìàëüíûå çàäà÷è â
ýòèõ ñëó÷àÿõ.
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Äëÿ ôðàãìåíòà çíàíèé âòîðîãî ïîðÿäêà {x1, x2, x1x2} çàäàíû
íåïðîòèâîðå÷èâûå èíòåðâàëüíûå îöåíêè èñòèííîñòè (îãðàíè÷åíèÿ
ïðåäìåòíîé îáëàñòè) D2: p−

1 ≤ p(x1) ≤ p+
1 ,

p−
2 ≤ p(x2) ≤ p+

2 ,
p−
12 ≤ p(x1x2) ≤ p+

12.
(1)

Òåîðåòèêî-âåðîÿòíîñòíûå îãðàíè÷åíèÿ E2 äëÿ âåðîÿòíîñòåé èñ-
òèííîñòè ýëåìåíòîâ ôðàãìåíòà çíàíèé âòîðîãî ïîðÿäêà:

p(x1x2) ≥ 0,
p(x1) − p(x1x2) ≥ 0,
p(x2) − p(x1x2) ≥ 0,
1− p(x1) − p(x2) + p(x1x2) ≥ 0.

(2)

Âìåñòå îãðàíè÷åíèÿ E2 è D2 ñîñòàâëÿþò îãðàíè÷åíèÿ R2 àíà-
ëèçèðóåìîé ýêñòðåìàëüíîé çàäà÷è. Ïðè âûïèñàííûõ îãðàíè÷åíèÿõ
íåîáõîäèìî íàéòè ñëåäóþùèå ýêñòðåìóìû:

p−
a (x2) = min

R2

(
p(x1x2)

p(x1)
p+

p(x̄1x2)

p(x̄1)
q

)
, (3)

p+
a (x2) = max

R2

(
p(x1x2)

p(x1)
p+

p(x̄1x2)

p(x̄1)
q

)
. (4)

Äëÿ ôðàãìåíòà çíàíèé C = {x1, x2, x3, x1x2, x1x3, x2x3, x1x2x3}
òðåòüåãî ïîðÿäêà, ïîñòðîåííîãî íàä àëôàâèòîì {x1, x2, x3}, ïîòðå-
áóåòñÿ ðåøàòü áîëüøå îïòèìèçàöèîííûõ çàäà÷. Äëÿ ýòîãî ôðàã-
ìåíòà çíàíèé çàäàíû íåïðîòèâîðå÷èâûå èíòåðâàëüíûå îöåíêè D3:

p−
1 ≤ p(x1) ≤ p+

1 ,
p−
2 ≤ p(x2) ≤ p+

2 ,
p−
2 ≤ p(x2) ≤ p+

2 ,
p−
12 ≤ p(x1x2) ≤ p+

12,
p−
13 ≤ p(x1x3) ≤ p+

13,
p−
23 ≤ p(x2x3) ≤ p+

23,
p−
123 ≤ p(x1x2x3) ≤ p+

123.

(5)

Êðîìå òîãî çàäàíû âåðîÿòíîñòíûå îãðàíè÷åíèÿ E3:
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p(x1x2x3) ≥ 0,
p(x1x2) − p(x1x2x3) ≥ 0,
p(x1x3) − p(x1x2x3) ≥ 0,
p(x1) − p(x1x2) − p(x1x3) + p(x1x2x3) ≥ 0,
p(x3x3) − p(x1x2x3) ≥ 0,
p(x2) − p(x1x2) − p(x2x3) + p(x1x2x3) ≥ 0,
p(x3) − p(x1x3) − p(x2x3) + p(x1x2x3) ≥ 0,
1− p(x1) − p(x2) − p(x3) + p(x1x2) + p(x1x3) + p(x2x3)−
− p(x1x2x3) ≥ 0.

(6)

Êàê è ïðåæäå, â ñîâîêóïíîñòè îãðàíè÷åíèÿ E3 è D3 îáðàçóþò
ìíîæåñòâî îãðàíè÷åíèé R3 àíàëèçèðóåìîé ýêñòðåìàëüíîé çàäà÷è.
Ïðè âûïèñàííûõ îãðàíè÷åíèÿõ íåîáõîäèìî ðåøèòü ðÿä îïòèìèçà-
öèîííûõ çàäà÷:

p−
a (x2) = min

R3

(
p(x1x2)

p(x1)
p+

p(x̄1x2)

p(x̄1)
q

)
, (7)

p−
a (x3) = min

R3

(
p(x1x3)

p(x1)
p+

p(x̄1x3)

p(x̄1)
q

)
, (8)

p−
a (x2x3) = min

R3

(
p(x1x2x3)

p(x1)
p+

p(x̄1x2x3)

p(x̄1)
q

)
, (9)

p+
a (x2) = max

R3

(
p(x1x2)

p(x1)
p+

p(x̄1x2)

p(x̄1)
q

)
, (10)

p+
a (x3) = max

R3

(
p(x1x3)

p(x1)
p+

p(x̄1x3)

p(x̄1)
q

)
, (11)

p+
a (x2x3) = max

R3

(
p(x1x2x3)

p(x1)
p+

p(x̄1x2x3)

p(x̄1)
q

)
. (12)

Äëÿ ïðîñòîòû áóäåì èñïîëüçîâàòü â êà÷åñòâå èíäåêñà êîíúþíê-
òà Z ∈ {x2, x3, x2x3}, òîãäà âûïèñàííûå âûøå ýêñòðåìàëüíûå ñîîò-
íîøåíèÿ ìîæíî ïåðåïèñàòü êîðî÷å:

p−
a = min

R3

(
p(x1Z)

p(x1)
p+

p(x̄1Z)

p(x̄1)
q

)
, (13)

p+
a = max

R3

(
p(x1Z)

p(x1)
p+

p(x̄1Z)

p(x̄1)
q

)
. (14)
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Â ðàññìàòðèâàåìîì ñëó÷àå (àïîñòåðèîðíûé âûâîä, èíòåðâàëü-
íûå îöåíêè âåðîÿòíîñòè èñòèííîñòè, ïðîïàãàöèÿ ñòîõàñòè÷åñêîãî
ñâèäåòåëüñòâà) ïîëó÷àþòñÿ çàäà÷è äðîáíî-ëèíåéíîãî ïðîãðàììè-
ðîâàíèÿ, ò.ê. ìíîæåñòâà îãðàíè÷åíèé R2 è R3 ñîäåðæàò ëèøü ëè-
íåéíûå íåðàâåíñòâà, à öåëåâûå ôóíêöèè (3)�(4) è (7)�(12) ÿâëÿþò-
ñÿ äðîáíî-ëèíåéíûìè.

Çàìåòèì, ÷òî ðÿä ñîîòíîøåíèé ìîæåò áûòü çàïèñàí â áîëåå îáî-
çðèìîé ôîðìå íà ìàòðè÷íî-âåêòîðíîì ÿçûêå [3,5,17]. Ýòî ñòàíî-
âèòñÿ âîçìîæíûì ïîñëå ââåäåíèÿ îñîáîãî ïîðÿäêà (èíäåêñàöèè) íà
êâàíòàõ è êîíúþíêòàõ.

Â ðàìêàõ èëëþñòðàòèâíûõ ïðèìåðîâ, ðàññìàòðèâàåìûõ â íà-
ñòîÿùåé ðàáîòå, ââåäåì îáîçíà÷åíèÿ äëÿ âåêòîðîâ êâàíòîâ è êîíú-
þíêòîâ (óïîðÿäî÷åííûõ äîëæíûì îáðàçîì):

P(2)
c =


1
p(x1)
p(x2)
p(x2x1)

 , P(2)
q =


p(x̄2x̄1)
p(x̄2x1)
p(x2x̄1)
p(x2x1)

 ;

P(3)
c =



1
p(x1)
p(x2)
p(x2x1)
p(x3)
p(x3x1)
p(x3x2)
p(x3x2x1)


, P(3)

q =



p(x̄3x̄2x̄1)
p(x̄3x̄2x1)
p(x̄3x2x̄1)
p(x̄3x2x1)
p(x3x̄2x̄1)
p(x3x̄2x1)
p(x3x2x̄1)
p(x3x2x1)


.

Ââåäåì â ðàññìîòðåíèå ìàòðèöó

In =

[
1 −1
0 1

][n]

ãäå n � ñòåïåíü Êðîíåêåðà ìàòðèöû.
Â âåäåííûõ îáîçíà÷åíèÿõ ñîîòâåòñòâóþùèå âåðîÿòíîñòíûå

îãðàíè÷åíèÿ, ïîäðîáíî âûïèñàííûå â (2) è (6), âûãëÿäÿò ñëåäóþ-
ùèì îáðàçîì:

I2P
(2)
c ≥ 0,

I3P
(3)
c ≥ 0,
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à ýêñïåðòíûå îãðàíè÷åíèÿ, êîòîðûå âûïèñàíû â (1) è (5), �

P−,(2) ≤ P(2)
c ≤ P+,(2), (15)

P−,(3) ≤ P(3)
c ≤ P+,(3), (16)

ãäåP−,(2) èP+,(2) çàäàþò âåðõíþþ è íèæíþþ ãðàíèöû èíòåðâàëü-
íûõ îöåíîê âåðîÿòíîñòè èñòèííîñòè äëÿ ôðàãìåíòà çíàíèé âòîðî-
ãî ïîðÿäêà, à P−,(3) è P+,(3) � äëÿ ôðàãìåíòà çíàíèé òðåòüåãî
ïîðÿäêà.

Ïåðåíóìåðàöèÿ êîìïîíåíòîâ âåêòîðîâ âåðîÿòíîñòåé êîíúþíê-
òîâ è êâàíòîâ ïîçâîëÿåò ïðåäñòàâèòü è ïîëó÷àþùèåñÿ ýêñòðåìàëü-
íûå çàäà÷è â áîëåå óäîáî÷èòàåìîé ôîðìå.

Åñëè èñõîäèòü èç òîãî, ÷òî ñâèäåòåëüñòâî � ýòî òîæå ôðàã-
ìåíò çíàíèé, òî â ñëó÷àå àòîìàðíîãî ñòîõàñòè÷åñêîãî ñâèäåòåëü-

ñòâà ôîðìàëüíàÿ çàïèñü áóäåò òàêîé: 〈{x1},
(

1
pa(x1)

)
〉. Â ñâîþ

î÷åðåäü äëÿ óäîáñòâà îáîçíà÷èì Pa
c =

(
1

pa(x1)

)
. Ïîìèìî ýòîãî,

âåêòîð âåðîÿòíîñòåé êâàíòîâ, ñîîòâåòñòâóþùèé òàêîìó ñâèäåòåëü-

ñòâó, áóäåò âûãëÿäåòü òàê:

(
pa(x̄1)
pa(x1)

)
.

Ïðèõîäÿùåå ñòîõàñòè÷åñêîå ñâèäåòåëüñòâî 〈{x1},Pa
c 〉 ìîæíî èí-

òåðïðåòèðîâàòü êàê ñëó÷àéíûé ýëåìåíò, ïðèíèìàþùèé çíà÷åíèå
äåòåðìèíèðîâàííûõ ñâèäåòåëüñòâ, ñîîòâåòñòâóþùèõ ýëåìåíòàì
Q{x1} (ìíîæåñòâî êâàíòîâ, çàäàííûõ íàä àëôàâèòîì {x1}). Òîãäà
âòîðàÿ çàäà÷à àïîñòðåðèîðíîãî âûâîäà äëÿ ïðîïàãàöèè ñòîõà-
ñòè÷åñêîãî ñâèäåòåëüñòâà âî ôðàãìåíòå çíàíèé ñ èíòåðâàëüíûìè
îöåíêàìè âåðîÿòíîñòè èñòèííîñòè äëÿ ôðàãìåíòîâ çíàíèé âòîðîãî
ïîðÿäêà:

P−,(2)
c,a = min

R2

1∑
i=0

T (2) ×P
(2)
c

(T (2) ×P
(2)
c )[0]

(I1 ×Pa
c )[i],

P+,(2)
c,a = max

R2

1∑
i=0

T (2) ×P
(2)
c

(T (2) ×P
(2)
c )[0]

(I1 ×Pa
c )[i].

Äëÿ ôðàãìåíòà çíàíèé òðåòüåãî ïîðÿäêà ýêñòðåìàëüíàÿ çàäà÷à
âûãëÿäèò òàê:
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P−,(3)
c,a = min

R3

1∑
i=0

T (3) ×P
(3)
c

(T (3) ×P
(3)
c )[0]

(I1 ×Pa
c )[i],

P+,(3)
c,a = max

R3

1∑
i=0

T (3) ×P
(3)
c

(T (3) ×P
(3)
c )[0]

(I1 ×Pa
c )[i].

Ìàòðèöà T (n) ÿâëÿåòñÿ ìàòðèöåé ïåðåõîäà îò âåêòîðà àïðè-
îðíûõ âåðîÿòíîñòåé ê íåíîðìèðîâàííîìó âåêòîðó àïîñòåðèîðíûõ
(ïðè óñëîâèè ïîñòóïèâøåãî ñâèäåòåëüñòâà) è èìååò îñîáûé âèä
[15,17].

3. Àíàëèç çàäà÷è íåëèíåéíîãî ïðîãðàììèðîâàíèÿ. Â îá-
ùåì ñëó÷àå çàäà÷è îïòèìèçàöèè (3)�(4) ïðè óñëîâèÿõ (1)�(2), (13)�
(14) è (5)�(6) ÿâëÿþòñÿ çàäà÷àìè íåëèíåéíîãî ïðîãðàììèðîâàíèÿ.
Ïðè èõ ðåøåíèè èññëåäîâàòåëü ñòàëêèâàåòñÿ ñ èçâåñòíûìè òðóä-
íîñòÿìè è çà÷àñòóþ äîëæåí ïðèíèìàòü äîïîëíèòåëüíûå óñèëèÿ ïî
èññëåäîâàíèþ ñâîéñòâ ðåçóëüòàòîâ. Îäíàêî åñëè çàäà÷à ïîëó÷åíèÿ
òî÷íûõ çíà÷åíèé ãðàíèö èíòåðâàëà íå ñòîèò, âîçìîæíî ñâåäåíèå
çàäà÷è íåëèíåéíîãî ïðîãðàììèðîâàíèÿ ê ñåðèè áîëåå ïðîñòûõ çà-
äà÷ ìàòåìàòè÷åñêîãî ïðîãðàììèðîâàíèÿ. Ïðè ýòîì ìû ïîëó÷àåì
íàêðûâàþùèå (îáåðòûâàþùèå) îöåíêè ãðàíèö èíòåðâàëà âåðîÿò-
íîñòè èñòèííîñòè ýëåìåíòîâ ôðàãìåíòà çíàíèé.

Îäèí èç ïîäõîäîâ çàêëþ÷àåòñÿ â îòäåëüíîì âû÷èñëåíèè ýêñ-
òðåìóìà ÷èñëèòåëÿ è ïðîòèâîïîëîæíîãî ýêñòðåìóìà çíàìåíàòåëÿ.
Äåéñòâèòåëüíî, ïðèâåäåì ê îäíîìó çíàìåíàòåëþ öåëåâûå ôóíêöèè
(3)�(4) è (13)�(14):

p−
a = min

R3

(
p(x1Z)p(x̄1)p+ p(x̄1Z)p(x1)q

p(x̄1)p(x1)

)
≥

≥
min
R3

(p(x1Z)p(x̄1)p+ p(x̄1Z)p(x1)q)

max
R3

p(x̄1)p(x1)
;

(17)

p+
a = max

R3

(
p(x1Z)p(x̄1)p+ p(x̄1Z)p(x1)q

p(x̄1)p(x1)

)
≤

≤
max
R3

(p(x1Z)p(x̄1)p+ p(x̄1Z)p(x1)q)

min
R3

p(x̄1)p(x1)
.

(18)
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Çäåñü è äàëåå Z ∈ {x2, x3, x2x3}. Â ñëó÷àå àëôàâèòà íàä äâóìÿ
ýëåìåíòàìè:

p−
a = min

R2

(
p(x1x2)p(x̄1)p+ p(x̄1x2)p(x1)q

p(x̄1)p(x1)

)
≥

≥
min
R2

(p(x1x2)p(x̄1)p+ p(x̄1x2)p(x1)q)

max
R2

p(x̄1)p(x1)
;

(19)

p+
a = max

R2

(
p(x1x2)p(x̄1)p+ p(x̄1x2)p(x1)q

p(x̄1)p(x1)

)
≤

≤
max
R2

(p(x1x2)p(x̄1)p+ p(x̄1x2)p(x1)q)

min
R2

p(x̄1)p(x1)
.

(20)

Ïîëó÷àåì, ÷òî èñêîìûå îöåíêè äëÿ âåðõíåé è íèæíåé ãðàíèöû
èíòåðâàëà âåðîÿòíîñòè ïðè ïðîïàãàöèè ñòîõàñòè÷åñêîãî ñâèäåòåëü-
ñòâà ïðåäñòàâëÿþò ñîáîé îòíîøåíèå ðåøåíèé äâóõ çàäà÷ êâàäðà-
òè÷íîãî ïðîãðàììèðîâàíèÿ, ò.ê. îãðàíè÷åíèÿ R2 è R3 ëèíåéíû è
öåëåâûå ôóíêöèè â îïòèìèçàöèîííûõ çàäà÷àõ (21)�(28) êâàäðà-
òè÷íû.

min
R3

(p(x1Z)p(x̄1)p+ p(x̄1Z)p(x1)q) , (21)

max
R3

p(x̄1)p(x1), (22)

max
R3

(p(x1Z)p(x̄1)p+ p(x̄1Z)p(x1)q) , (23)

min
R3

p(x̄1)p(x1). (24)

Â ñëó÷àå ôðàãìåíòà çíàíèé âòîðîãî ïîðÿäêà:

min
R2

(p(x1x2)p(x̄1)p+ p(x̄1x2)p(x1)q) , (25)

max
R2

p(x̄1)p(x1), (26)

max
R2

(p(x1x2)p(x̄1)p+ p(x̄1x2)p(x1)q) , (27)
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min
R2

p(x̄1)p(x1). (28)

Äðóãèì ñïîñîáîì óïðîùåíèÿ èñõîäíîé îïòèìèçàöèîííîé çàäà-
÷è ÿâëÿåòñÿ ïðåäñòàâëåíèå ýêñòðåìóìà ñóììû ñóììîé ýêñòðåìó-
ìîâ:

p−
a = min

R3

(
p(x1Z)

p(x1)
p+

p(x̄1Z)

p(x̄1)
q

)
≥

≥ min
R3

(
p(x1Z)

p(x1)
p

)
+ min

R3

(
p(x̄1Z)

p(x̄1)
q

)
;

(29)

p+
a = max

R3

(
p(x1Z)

p(x1)
p+

p(x̄1Z)

p(x̄1)
q

)
≤

≤ max
R3

(
p(x1Z)

p(x1)
p

)
+ max

R3

(
p(x̄1Z)

p(x̄1)
q

)
;

(30)

à â ñëó÷àå ôðàãìåíòà çíàíèé âòîðîãî ïîðÿäêà:

p−
a = min

R2

(
p(x1x2)

p(x1)
p+

p(x̄1x2)

p(x̄1)
q

)
≥

≥ min
R2

(
p(x1x2)

p(x1)
p

)
+ min

R2

(
p(x̄1x2)

p(x̄1)
q

)
;

(31)

p+
a = max

R2

(
p(x1x2)

p(x1)
p+

p(x̄1x2)

p(x̄1)
q

)
≤

≤ max
R2

(
p(x1x2)

p(x1)
p

)
+ max

R2

(
p(x̄1x2)

p(x̄1)
q

)
.

(32)

Â ñëó÷àå (29)�(30) è (31)�(32) âìåñòî èñõîäíîé çàäà÷è íåëèíåé-
íîãî ïðîãðàììèðîâàíèÿ âîçíèêàåò ñåðèÿ çàäà÷ äðîáíî-ëèíåéíîãî
ïðîãðàììèðîâàíèÿ, ò.ê. îãðàíè÷åíèÿ R2 è R3 ëèíåéíû, öåëåâûå
ôóíêöèè â îïòèìèçàöèîííûõ çàäà÷àõ (33)�(40) äðîáíî-ëèíåéíû.

min
R3

(
p(x1Z)

p(x1)
p

)
, (33)
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min
R3

(
p(x̄1Z)

p(x̄1)
q

)
, (34)

max
R3

(
p(x1Z)

p(x1)
p

)
, (35)

max
R3

(
p(x̄1Z)

p(x̄1)
q

)
. (36)

Â ñëó÷àå ôðàãìåíòà çíàíèé âòîðîãî ïîðÿäêà:

min
R2

(
p(x1x2)

p(x1)
p

)
, (37)

min
R2

(
p(x̄1x2)

p(x̄1)
q

)
, (38)

max
R2

(
p(x1x2)

p(x1)
p

)
, (39)

max
R2

(
p(x̄1x2)

p(x̄1)
q

)
. (40)

Â îáîèõ ñëó÷àÿõ â ðåçóëüòàòå ïîëó÷àåòñÿ èíòåðâàë âåðîÿòíî-
ñòè, íàêðûâàþùèé èñòèííûé (íàéäåííûé ïðè ðåøåíèè èñõîäíîé
îïòèìèçàöèîííîé çàäà÷è).

4. ×èñëåííûé ïðèìåð. Ïðè ïîìîùè ïðîãðàììíîãî ïàêåòà
Maple áûëà ñìîäåëèðîâàíà îïèñàííàÿ ñèòóàöèÿ. Ðàññìîòðèì ôðàã-
ìåíò çíàíèé, ïîñòðîåííûé íàä {x1, x2}. Â êà÷åñòâå èíòåðâàëîâ âå-
ðîÿòíîñòåé èñòèííîñòè çàäàíû ñëåäóþùèå çíà÷åíèÿ:

0.3 ≤ p(x1) ≤ 0.6

0.3 ≤ p(x2) ≤ 0.6

0.2 ≤ p(x1x2) ≤ 0.5

Ðàññìàòðèâàåòñÿ ïðîïàãàöèÿ ñòîõàñòè÷åñêîãî ñâèäåòåëüñòâà,
êîòîðîå õàðàêòåðèçóåòñÿ àïîñòåðèîðíîé âåðîÿòíîñòüþ ñâîåé
èñòèííîñòè: p = pa(x̃) = 0.8 Ïðè ïîìîùè ïàêåòà Optimization
áûëè âû÷èñëåíû ýêñòðåìóìû èñõîäíîé çàäà÷è íåëèíåéíîãî ïðî-
ãðàììèðîâàíèÿ, ñîîòâåòñòâóþùèõ ñåðèé çàäà÷ êâàäðàòè÷íîãî è
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äðîáíî-ëèíåéíîãî ïðîãðàììèðîâàíèÿ; áûëè ïîëó÷åíû ñëåäóþùèå
çíà÷åíèÿ:

min
R2

(
p(x1x2)p(x̄1)p+ p(x̄1x2)p(x1)q

p(x̄1)p(x1)

)
≈ 0.367, (41)

min
R2

(p(x1x2)p(x̄1)p+ p(x̄1x2)p(x1)q)

max
R2

p(x̄1)p(x1)
≈ 0.304, (42)

min
R2

(
p(x1x2)

p(x1)
p

)
+ min

R2

(
p(x̄1x2)

p(x̄1)
q

)
≈ 0.267, (43)

max
R2

(
p(x1x2)p(x̄1)p+ p(x̄1x2)p(x1)q

p(x̄1)p(x1)

)
≈ 0.886, (44)

max
R2

(p(x1x2)p(x̄1)p+ p(x̄1x2)p(x1)q)

min
R2

p(x̄1)p(x1)
≈ 1.001, (45)

max
R2

(
p(x1x2)

p(x1)
p

)
+ max

Rx

(
p(x̄1x2)

p(x̄1)
q

)
≈ 1.00. (46)

Ïîëó÷èëè èñòèííûé èíòåðâàë îöåíêè âåðîÿòíîñòè (41)�(42),
íàêðûâàþùèé èíòåðâàë, ïîëó÷åííûé â ñåðèè çàäà÷ äðîáíî-
ëèíåéíîãî ïðîãðàììèðîâàíèÿ (43)�(44), íàêðûâàþùèé èíòåðâàë,
ïîëó÷åííûé â ñåðèè çàäà÷ êâàäðàòè÷íîãî ïðîãðàììèðîâàíèÿ
(45)�(46).

Äåéñòâèòåëüíî, ïåðåõîä ê ðàññìîòðåíèþ íàêðûâàþùèõ èíòåð-
âàëîâ ïîçâîëÿåò ðàññìàòðèâàòü áîëåå ïðîñòûå çàäà÷è ìàòåìàòè÷å-
ñêîãî ïðîãðàììèðîâàíèÿ. Îòìåòèì, ÷òî â ñëó÷àå ôðàãìåíòà çíà-
íèé âòîðîãî ïîðÿäêà âîçíèêàþùàÿ çàäà÷à íåëèíåéíîãî ïðîãðàì-
ìèðîâàíèÿ ðåøàåòñÿ ïðè ïîìîùè ÷èñëåííûõ ìåòîäîâ, îäíàêî ïðè
ïåðåõîäå ê áîëåå âûñîêèì ðàçìåðíîñòÿì å¼ ñëîæíîñòü ðåçêî óâå-
ëè÷èâàåòñÿ, è ÷èñëåííûå ìåòîäû ìîãóò áûòü óæå íå ñòîëü ýôôåê-
òèâíû.
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ÐÅÔÅÐÀÒ

Ñèðîòêèí À.Â., Ìóñèíà Â.Ô., Òóëóïüåâ À.Ë. Àëãåáðàè÷åñêèå
áàéåñîâñêèå ñåòè: íåëèíåéíàÿ çàäà÷à îïòèìèçàöèè â ëîêàëü-
íîì àïîñòåðèîðíîì âûâîäå ïðè àòîìàðíîì ñòîõàñòè÷åñêîì
ñâèäåòåëüñòâå.

Îäíîé èç îñíîâíûõ çàäà÷, âîçíèêàþùèõ ïðè ðàáîòå ñ àëãåáðàè÷åñêè-

ìè áàéåñîâñêèìè ñåòÿìè (ÀÁÑ), ÿâëÿåòñÿ àíàëèç àïîñòåðèîðíûõ âåðîÿò-

íîñòåé ïðè ïðîïàãàöèè ðàçëè÷íûõ òèïîâ ñâèäåòåëüñòâ, ò.å. ïðè óñëîâèè

ïîñòóïëåíèÿ íîâîé èíôîðìàöèè îá îáúåêòàõ ÀÁÑ. Â ñòàòüå ðàññìàòðè-

âàåòñÿ ñëó÷àé èíòåðâàëüíûõ îöåíîê âåðîÿòíîñòè èñòèííîñòè ïðè ïðî-

ïàãàöèè àòîìàðíîãî ñòîõàñòè÷åñêîãî ñâèäåòåëüñòâà, êîòîðîå õàðàêòåðè-

çóåòñÿ ñêàëÿðíîé îöåíêîé âåðîÿòíîñòè ñâîåé èñòèííîñòè. Â ýòîì ñëó÷àå

çàäà÷à ïðîïàãàöèè ñâèäåòåëüñòâà ñîñòîèò â ðàñ÷åòå íîâûõ ãðàíèö èí-

òåðâàëîâ èñòèííîñòè ýëåìåíòîâ ôðàãìåíòà çíàíèé ïîñëå ïîñòóïëåíèÿ

ñâèäåòåëüñòâà.

Â îñíîâå ðàñ÷åòîâ ëåæèò íàõîæäåíèå ðåøåíèÿ îïòèìèçàöèîííîé çà-

äà÷è, êîòîðàÿ, â îáùåì ñëó÷àå, ÿâëÿåòñÿ çàäà÷åé íåëèíåéíîãî ïðîãðàì-

ìèðîâàíèÿ. Â ñòàòüå ïðåäñòàâëåíû ñîîòâåòñòâóþùèå öåëåâûå ôóíêöèè

è îãðàíè÷åíèÿ äëÿ ôðàãìåíòîâ çíàíèé âòîðîãî è òðåòüåãî ïîðÿäêîâ.

Â ýòèõ ñëó÷àÿõ ðåøåíèå îïòèìèçàöèîííîé çàäà÷è ìîæåò áûòü íàéäåíî

ïðè ïîìîùè èìåþùèõñÿ ïðîãðàììíûõ è òåõíè÷åñêèõ ñðåäñòâ, îäíàêî

ïðè ïåðåõîäå ê áîëåå âûñîêèì ðàçìåðíîñòÿì ñëîæíîñòü âîçíèêàþùèõ

çàäà÷ ðåçêî óâåëè÷èâàåòñÿ.

Â ðÿäå ñëó÷àåâ âîçìîæíî ðàññìàòðèâàòü íå òî÷íûå èíòåðâàëû îöåí-

êè âåðîÿòíîñòè èñòèííîñòè, à èíòåðâàëû, íàêðûâàþùèå èõ. Â ýòîì ñëó-

÷àå âîçìîæåí ïåðåõîä îò íåëèíåéíîé çàäà÷è îïòèìèçàöèè ê ñåðèÿì çà-

äà÷ äðîáíî-ëèíåéíîãî èëè êâàäðàòè÷íîãî ïðîãðàììèðîâàíèÿ, êîòîðûå

ìîãóò áûòü ðåøåíû èçâåñòíûìè ìåòîäàìè ñ ïîìîùüþ êîììåð÷åñêèõ èëè

ñâîáîäíî ðàñïðîñòðàíÿåìûõ ïàêåòîâ (áèáëèîòåê) ïðîãðàìì.

Â ñòàòüå ïðèâåäåí ïðèìåð âû÷èñëåíèÿ ãðàíèö èíòåðâàëîâ îöåíîê âå-

ðîÿòíîñòè èñòèííîñòè äëÿ ôðàãìåíòà çíàíèé âòîðîãî ïîðÿäêà ïðè ïðî-

ïàãàöèè ñòîõàñòè÷åñêîãî ñâèäåòåëüñòâà. Äëÿ ìîäåëèðîâàíèÿ ñèòóàöèè

èñïîëüçîâàí ïðîãðàììíûé ïàêåò Maple. Ñîãëàñíî ïðèâåäåííûì â ñòàòüå

ôîðìóëàì íàéäåíû ðåøåíèÿ èñõîäíîé íåëèíåéíîé çàäà÷è îïòèìèçàöèè

è ñîîòâåòñòâóþùèõ åé ñåðèé çàäà÷ êâàäðàòè÷íîãî è äðîáíî-ëèíåéíîãî

ïðîãðàììèðîâàíèÿ.
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SUMMARY

Sirotkin A.V, Musina V.F., Tulupyev A.L. Algebraic Bayesian network:

non-linear optimization problem in local posteriori inference with

atomic stochastic evidence.

Abstract. Analysis of posterior probabilities propagating di�erent types of

evidences which represent a new information of ABN's objects is one of the

main problems of the theory of algebraic Bayesian networks. We consider the

case of propagation of stochastic evidence described with scalar estimation of

its truth probability in the knowledge pattern with the interval estimations.

In this case the problem is to recalculate new truth estimations of interval

borders of knowledge pattern's elements after the new information has been

received.

The calculations are based on the solving of optimization problem which

in general case is non-linear optimization problem. The corresponding

objective functions and restrictions for two-dimensional and three-

dimensional knowledge patterns are represented in the paper. In these

cases the optimization problem can be solved with existing hardware and

software but in the case of higher dimensions complexity of the problems

increase dramatically.

In some cases one can consider the covering intervals of truth

estimates instead of accurate ones. This allows to reduce non-linear

optimization problem to series of quadratic or linear-fractional mathematical

programming problems which can be solved with the known methods using

commercial or free software (packages or libraries).

An example of calculating interval borders of truth probability for two-

dimensional knowledge pattern propagating stochastic evidence is considered

in the paper. A commercial computer algebra system Maple is used for

modelling the situation. Due to presented formulas the initial non-linear

optimization problem and consequent series of quadratic or linear-fractional

mathematical programming problems are solved.
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